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ASHAY A. BURUNGALE

Abstract. Generalised Heegner cycles are associated to a pair of a normalised newform and a
Hecke character over an imaginary quadratic extension. We survey the non-triviality of generalised
Heegner cycles over anticyclotomic extensions of the imaginary quadratic field.
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1. Introduction

When a pure motive over a number field is self-dual with root number −1, the Bloch-Beilinson con-
jecture implies the existence of a non-torsion homologically trivial cycle in the Chow realisation. For
a prime p, the Bloch-Kato conjecture implies the non-triviality of the p-adic étale Abel-Jacobi image
of the cycle. A natural question is to further investigate the non-triviality of the p-adic Abel-Jacobi
image of the cycle.

An instructive setup arises from a self-dual Rankin-Selberg convolution of a normalised newform
and a theta series over an imaginary quadratic extension K with root number −1. In this situation,
a natural candidate for a non-trivial homologically trivial cycle is the generalised Heegner cycle. The
construction is due to Bertolini-Darmon-Prasanna and generalises the one of classical Heegner cycles.
The cycle lives in a middle dimensional Chow group of a fiber product of a Kuga-Sato variety arising
from a modular curve and a self-product of a CM elliptic curve. In the case of weight two, the cycle
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coincides with a Heegner point. For a prime l, twists of the theta series by anticyclotomic characters
over K of l-power order give rise to an Iwasawa theoretic family of generalised Heegner cycles. We
survey recent results on the generic non-triviality of the p-adic Abel-Jacobi image of these cycles
modulo p.

The approach is modular. It is based on p-adic Waldspurger formula of Bertolini-Darmon-Prasanna
and Hida’s approach to non-vanishing of anticyclotomic toric periods of a p-adic modular form modulo
p. Hida’s approach crucially relies on Chai’s theory of Hecke-stable subvarieties of a mod p Shimura
variety.

In the case of weight two, the results translate as the non-triviality of the p-adic formal group
logarithm of Heegner points modulo p. This provides a refinement of the results of Cornut and Vatsal
on the non-triviality. In the case of higher weight, the only earlier result seems to be of Howard on
the non-triviality of the p-adic étale Abel-Jacobi image of a class of generalised Heegner cycles. We
also briefly survey the approach of Cornut, Howard and Vatsal. For the exposition, we closely follow
their articles. A comparison of these and the recent approach seems to be suggestive.

Since the introduction of generalised Heegner cycles, various surrounding topics have been inves-
tigated. In this survey, we basically restrict to the non-triviality aspect along the anticyclotomic
towers. The survey is not exhaustive even in this regard. For example, we do not discuss arithmetic
applications of the non-triviality. For some of the applications and other aspects of generalised Heeg-
ner cycles, we refer to [2], [3], [4], [5], [17], [18], [41] and [19].

We have tried to keep the exposition informal. For a precise treatment, we refer to the original
articles.

The article is organised as follows. In §2, we describe the basic setup regarding generalised Heegner
cycles. In §2.1- 2.2, we describe generalities. In §2.3, we describe conjectures regarding the non-
triviality of the cycles and their p-adic étale and Abel-Jacobi image. In §3, we briefly survey the
approach of Cornut, Howard and Vatsal. In §4, we survey the recent approach. In §5, we end with
miscellaneous remarks.
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Notation We use the following notation and conventions unless otherwise stated.

We regard a number field as a subfield of the complex numbers. For a number field L, let OL
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be the ring of integers, AL the adele ring, AL,f the finite adeles and A
(�)
L,f the finite adeles away

from a finite set of places � of L. For a fractional ideal a, let â = a ⊗ Ẑ. Let GL be the absolute
Galois group of L and GabL the maximal abelian quotient. Let recL : A×L → GabL be the geometrically
normalised reciprocity law. For a prime q, let Fq be an algebraic closure of the finite field Fq.

For a modular form g, let its Fourier expansion g(q) at a cusp c be given by

g(q) =
∑
n≥0

an(g, c)qn.

2. Generalised Heegner cycles

In this section, we describe the basic setup regarding generalised Heegner cycles.

The cycles were introduced by Bertolini-Darmon-Prasanna around mid 2009.

2.1. Generalities. In this subsection, we briefly recall generalities regarding generalised Heegner
cycles following [2, §2] and [5, §4].

Let p > 3 be an odd prime. We fix two embeddings ι∞ : Q → C and ιp : Q → Cp. Let vp be
the p-adic valuation induced by ιp so that vp(p) = 1. Let mp be the maximal ideal of Zp.

Let K/Q be an imaginary quadratic extension and O the ring of integers. Let −dK be the dis-
criminant. As K is a subfield of the complex numbers, we regard it as a subfield of the algebraic
closure Q via the embedding ι∞. Let c be the complex conjugation on the complex numbers which
induces the unique non-trivial element of Gal(K/Q).

We assume the following:

(ord) p splits in K.

Let p be the place in K above p induced via the p-adic embedding ιp. For an integral ideal n of
K, we fix a decomposition n = n+n− where n+ (resp. n−) is only divisible by split (resp. ramified or
inert) primes in K/Q. For a positive integer m, let Hm be the ring class field of K with conductor
m and Om = Z +mO the corresponding order. Let H be the Hilbert class field.

Let N be a positive integer such that p - N . In the rest of the subsection, the prime p does not
play a role. It plays a key role in §2.2-2.3.

We assume the following generalised Heegner hypothesis:

(Hg) O contains an ideal N of norm N such that there exists an isomorphism

O/N ' Z/NZ.

From now, we fix such an ideal N.
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Let X1(N) be the modular curve of level Γ1(N) and ∞ the standard cusp i∞. Here i is a cho-
sen square root of −1. Strictly speaking, the modular curve only exists as a Deligne-Mumford stack
for N ≤ 3. Let r be a non-negative integer. Let Wr be the r-fold Kuga-Sato variety over X1(N) con-
structed in [2, App.]. In other words, Wr is the canonical desingularisation of the r-fold self-product
of the universal elliptic curve over X1(N).

Let A be a CM elliptic curve with CM by O defined over the Hilbert class field H (cf. [2, §1.4]). Let
d be a positive integer prime to N . For an ideal class [a] ∈ Pic(OdN ) with a prime to N , let ϕa be
the natural isogeny

(2.1) ϕa : A→ Aa = A/A[a].

Strictly speaking, the above definition of the CM elliptic curve Aa is correct only when d = 1 and a
suitable O-transform needs to be considered in the general case (cf. [2, §1.4]).

Let r1 and r2 be non-negative integers such that r1 ≥ r2 and r1 ≡ r2 mod 2. Let s and u be
non-negative integers such that

r1 + r2 = 2s and r1 − r2 = 2u.

Let Xr1,r2 be a r1 + r2 + 1-dimensional variety given by

Xr1,r2 = Wr1 ×Ar2 .

For an ideal a as above, we consider

(Aa ×A)r2 × (Aa ×Aa)
u = (Ar1a ×Ar2) ⊂ Xr1,r2 .

The last inclusion arises from the embedding of Ar1a in Wr1 as a fiber of the natural projection
Wr1 → X1(N).

Let Γa ∈ Z1(Aa×Aa) be the transpose of the graph of
√
−dK . Here

√
−dK is the square root of −dK

whose image under the complex embedding ι∞ has positive imaginary part. Let Γϕ,a ∈ Z1(Aa × A)
be the transpose of the graph of ϕa. Let

Γr1,r2,a = Γr2ϕ,a × Γua

and

(2.2) ∆r1,r2,a = εXr1,r2 (Γr1,r2,a) ∈ CHs+1(Xr1,r2 ⊗ L)0,Q.

Here εXr1,r2 is the idempotent in the ring of correspondences on Xr1,r2 defined in [5, §4.1] and L is
the field of definition of the cycle Γr1,r2,a. The idempotent has the effect of making the cycle null-
homologous (cf. [5, Prop. 4.1.1]). The notation CHs+1(Xr1,r2 ⊗ L)0,Q denotes the Chow group of
homologically trivial cycles over L of codimension s+ 1 with rational coefficients.

When r1 = r2 = r, we let Xr, Γr,a and ∆r,a denote Xr,r, Γr,r,a and ∆r,r,a, respectively.

When r1 is even and r2 = 0, the above cycles are nothing but the classical Heegner cycles (cf. [2, §2.4]).

When r = 0, the generalised Heegner cycle ∆0,a is a CM point on the modular curve X1(N). In
this case, we replace ∆0,a by ∆0,a −∞ to make it homologically trivial. Note that this preserves the
field of definition of the cycles as the ∞-cusp is defined over Q.
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2.2. p-adic Abel-Jacobi map. In this subsection, we briefly recall generalities regarding a relevant
p-adic Abel-Jacobi map following [2, §3].

Let the notation and assumptions be as in §2.1. Let εX denote the idempotent εXr1,r2 .

Let F be a number field containing the Hilbert class field H. Let Vs be the p-adic Galois repre-
sentation of GF given by

Vs = H2s+1
ét (Xr1,r2 ×F Q,Qp).

Let AJ étF be the étale Abel-Jacobi map

(2.3) AJ étF : CHs+1(Xr1,r2 ⊗ F )0,Q → H1(F, εXVs(s+ 1))

due to S. Bloch (cf. [39] and [2, Def. 3.1]). The Bloch-Kato conjecture implies that the Qp-
linearisation AJ étF ⊗Qp is injective (cf. [39, (2.1)]).

Let v be a place in F above p induced by the p-adic embedding ιp. We have the localisation map

locv : H1(F, εXVs(s+ 1))→ H1(Fv, εXVs(s+ 1))

in Galois cohomology.

In general, the localisation map need not be injective.

The image of the composition locv ◦AJ étF is contained in the Bloch-Kato subgroup H1
f (F, εXVs(s+1))

(cf. [39, Thm. 3.1 (ii)]). In terms of the interpretation of the local cohomology as a group of extension
classes, the elements of the subgroup correspond to crystalline extensions.

In view of the Bloch-Kato logarithm map and de Rham Poincaré duality, we have a canonical iso-
morphism

(2.4) log : H1
f (Fv, εXVs(s+ 1)) ' (Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s))

∨

(cf. [2, §3.4]). Here Fil• is the Hodge filtration on εXH2r+1
dR (Xr/Fv)(r) and (Filr+1εXH

2r+1
dR (Xr/Fv)(r))

∨

the dual arising from the Poincaré pairing.

The composition with the étale Abel-Jacobi map gives rise to the p-adic Abel-Jacobi map

(2.5) AJF : CHs+1(Xr1,r2 ⊗ F )0,Q → (Fils+1εXH
2s+1
dR (Xr1,r2 ⊗ Fv)(s))∨.

There does not seem to be a general conjecture regarding the image and kernel of the p-adic Abel-
Jacobi map. However,

(BBK) the Bloch-Beilinson and the Bloch-Kato conjectures suggest to investigate contexts where
the Qp-linearisation AJF ⊗Qp is an isomorphism or generically so (cf. [39, (2.1)]).

In general, the Qp-linearisation AJF ⊗Qp need not be injective or surjective. In the case r1 = r2 = 0,
the linearisation coincides with the p-adic logarithm on the F -rational points of the Jacobian J1(N).
It follows that the Qp-linearisation is not injective if the Mordell-Weil group J1(N)(F ) has non-trivial
torsion points. In view of Drinfeld-Manin theorem, such torsion points often exist. As seen below, the
dimesnion of the target of the Qp-linearisation can computed explicitly. If the Mordell-Weil rank of
J1(N)(F ) happens to be less than the dimension, then the Qp-linearisation is plainly not surjective.
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The Mordell-Weil rank is well known to be a delicate invariant and the examples can perhaps be
found numerically.

For a relation of the non-triviality of the p-adic Abel-Jacobi map to coniveau filtration and refined
Bloch-Beilinson conjecture, we refer to [5, §2].

For later purposes, we recall an explicit description of the middle step Fils+1εXH
2s+1
dR (Xr1,r2/Fv)(s)

of the Hodge filtration.

For a positive integer k ≥ 2, let Sk(Γ1(N), Fv) denote the space of cusp form of level Γ1(N) with
coefficients in Fv. We have a canonical isomorphism

(2.6) Sr1+2(Γ1(N), Fv)⊗ Symr2 H1
dR(A/Fv) ' Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s),

essentially due to Scholl (cf. [2, §2.2]) and it arises from

f ⊗ α 7→ ωf ∧ α.

Here ωf is the normalised differential associated to f ∈ Sr1+2(Γ1(N), Fv) defined in [2, Cor 2.3] and
α ∈ Symr2 H1

dR(A/Fv).

The symmetric power Symr2 H1
dR(A/Fv) in turn has the following basis. Let ωA ∈ Ω1

A/Fv
be a

non-zero differential. Let ηA ∈ Ω1
A/Fv

be the corresponding element in [2, (1.4.2)]. It turns out that

{ωA, ηA} is a basis of Ω1
A/Fv

. Thus,
{
ωjAη

r2−j
A : 0 ≤ j ≤ r2

}
is a basis of Symr2 H1

dR(A/Fv).

For 0 ≤ j ≤ r2 and f varying over Hecke eigenforms in Sr1+2(Γ1(N), Fv), the wedge products{
ωf ∧ ωjAη

r2−j
A : f, 0 ≤ j ≤ r2

}
thus form a basis of Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s). Here a Hecke eigenform refers to an eigenform

with respect to Hecke operators of level prime to N .

2.3. Conjectures. In this subsection, we state conjectures regarding the non-triviality of generalised
Heegner cycles and the image under the étale and p-adic Abel-Jacobi map over anticyclotomic ex-
tensions of an imaginary quadratic extension. These conjectures are essentially a compilation of the
conjectures due to Bloch-Beilinson, Bloch-Kato and Mazur.

Let the notation and assumptions be as in §2.1. In particular, N is a positive integer such that
p - N . For a positive integer k ≥ 2, let Sk(Γ0(N), ε) be the space of elliptic modular forms of weight
k, level Γ0(N) and neben-character ε. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform. In particu-
lar, it is a Hecke eigenform with respect to all Hecke operators. Let Nε|N be the conductor of ε. Let
Nε|N be the unique ideal of norm Nε. The existence follows from the generalised Heegner hypothesis
(Hg).

Let N : A×Q/Q
× → C× be the norm Hecke character over Q given by

N(x) = ||x||.

Here || · || denotes the adelic norm. Let NK := N ◦NK
Q be the norm Hecke character over K for the

relative norm NK
Q . For a Hecke character λ : A×K/K

× → C× over K, let fλ (resp. ελ) denote its
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conductor (resp. the restriction λ|A×Q).

Let b be a positive integer prime to N . Let Σr1,r2(b,N, ε) be the set of Hecke characters λ such
that:

(C1) λ is of of infinity type (j1, j2) with j1 + j2 = r2 and ελ = εNr2 ,
(C2) fλ = b ·Nε and
(C3) The local root number εq(f, λ−1N−uK ) = 1, for all finite primes q.

Let Σ(2)
r1,r2(b,N, ε) be the subset of Σr1,r2(b,N, ε) whose elements have infinity type (r2 + 1− j, 1 + j)

for some 0 ≤ j ≤ r2.

Let χ ∈ Σ(2)
r1,r2(b,N, ε) with infinity type (r2 + 1− j, 1 + j) for some 0 ≤ j ≤ r2.

Let Mf (resp. Mχ−1) be the Grothendieck motive associated to f (resp. χ−1). By the Künneth
formula, the motive Hs+1(Xr1,r2) ⊗ L contains Mf ⊗Mχ−1 as a submotive for a sufficiently large
number field L. For a minimal choice of L, we refer to [5, §4.2]. Let πf,χ be the projector defining
the submotive (cf. [40]).

Let Sb be a set of representatives for Pic(ObN ) consisting of ideals prime to N . We now regard
χ as an ideal Hecke character. Let Hχ be the abelian extension of H generated by the values of χ on
Sb. In particular, the extension Hχ depends on the choice of Sb. Let v = vχ be the place above p in
Hχ induced via the p-adic embedding ιp.

Let

(2.7) ∆χ =
∑

[a]∈Sb

χ−1(a)N(a)∆ϕa ∈ CHs+1(Xr1,r2 ⊗Hχ)0,Q ⊗ L.

The cycle depends on the choice of representatives Sb. Moreover, it is defined over the extension Hχ

by the definition.

Definition 2.1. The generalised Heegner cycle ∆f,χ associated to the pair (f, χ) is given by

∆f,χ = πf,χ(∆χ).

The generalised Heegner cycle is independent of the choice of representatives Sb at least up to a cycle
in the kernel of the complex Abel-Jacobi map (cf. [5, Rem. 4.2.4]).

We consider the non-triviality of the cycles ∆f,χ, as χ varies.

Under the hypotheses (C1)-(C3), the Rankin-Selberg L-function L(f, χ−1N−uK , s) is self-dual with
root number −1. The Bloch-Beilinson conjecture accordingly implies the existence of a non-torsion
homologically trivial cycle in the Chow realisation of the motive Mf ⊗Mχ−1N−uK

. Perhaps, a natural
candidate is the cycle ∆f,χNu

K
. There exists an algebraic correspondence from Xr1 to Xr1,r2 mapping

the cycle ∆f,χNu
K

to the ∆f,χ (cf. [5, Prop. 4.1.1]). One can thus expect a generic non-triviality of
the cycles ∆f,χ, as χ varies.

Based on Mazur’s consideration in the case of weight two (cf. [38] and §3.1), an Iwasawa theo-
retic family of the cycles arises as follows. We first fix a Hecke character η ∈ Σ(2)

r1,r2(c,N, ε), for some
c prime to N . Let l be an odd prime unramified in K and prime to cN . Let HcNl∞ =

⋃
n≥0HcNln be
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the ring class field of conductor cNl∞. Let K∞ ⊂ HcNl∞ be the anticyclotomic Zl-extension of K.
Let Gn = Gal(HcNln/K) and Γl = lim←−Gn. Let Xl be the subgroup of all characters of finite order
of the group Gal(K∞/K) ' Zl. As ν ∈ Xl varies, we consider the non-triviality of the generalised
Heegner cycles ∆f,ην .

Conjecture A. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and
η a Hecke character such that η ∈ Σ(2)

r1,r2(c,N, ε), for some c prime to N . Suppose that the hypothesis
(Hg) holds. Then, for all but finitely many ν ∈ Xl we have

∆f,ην 6= 0.

We also consider the non-triviality of the generalised Heegner cycles under the étale Abel-Jacobi map.

Recall that p is an odd prime prime to N . Let Mf,ét (resp. Mχ−1,ét) be the p-adic étale realisa-
tion of the motive Mf (resp. Mχ−1). We accordingly have

AJHην ,ét(∆f,ην) ∈ H1(Hην , εX(Mf,ét ⊗Mχ−1,ét)).

Conjecture B. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and
η a Hecke character such that η ∈ Σ(2)

r1,r2(c,N, ε), for some c prime to N . Suppose that the hypotheses
(ord) and (Hg) hold. Then, for all but finitely many ν ∈ Xl we have

AJHην ,ét(∆f,ην) 6= 0.

Conjecture B evidently implies Conjecture A.

We finally consider the non-triviality of the generalised Heegner cycles under the p-adic Abel-Jacobi
map.

We first recall that the Bloch-Kato subgroup H1
f (Hην,v, εX(Mf,ét ⊗Mχ−1)) is one-dimensional over

Hην,v. Moreover, under the Bloch-Kato logarithm map the corresponding basis is given by ωf ∧
ωjAη

r2−j
A .

Conjecture C. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and
η a Hecke character such that η ∈ Σ(2)

r1,r2(c,N, ε), for some c prime to N . Suppose that the hypotheses
(ord) and (Hg) hold. Then, for all but finitely many ν ∈ Xl we have

AJHην (∆f,ην)(ωf ∧ ωjAη
r2−j
A ) 6= 0.

Conjecture C evidently implies Conjecture B.

We would like to emphasise that Conjecture C supports the Bloch-Beilinson and Bloch-Kato conjec-
ture (cf. (BBK)). In the case l = p, the conjecture is also closely related to conjectures in Iwasawa
theory regarding the non-triviality of an Euler system (for example, [32, Intro.]).
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As a refinement of Conjecture C, we can ask for a generic mod p non-vanishing of normalised p-
adic Abel-Jacobi image. We do not precisely formulate the refinement. In this article, we instead
describe results along these lines.

Another natural p-adic invariant associated to the generalised Heegner cycles is the p-adic height. A
conjecture regarding the generic non-vanishing of the p-adic heights can be formulated accordingly.
Besides the case of the p-adic height on CM elliptic curves (cf. [6]), no theoretical result seems to be
known. In an ongoing joint work, we prove an Iwasawa theoretic non-vanishing of the p-adic heights
in the CM case (cf. [16]).

3. Non-triviality I

In this section, we briefly describe the approach of Cornut and Vatsal regarding the non-triviality of
Heegner points over anticyclotomic Zp-extension of an imaginary quadratic field.

The non-triviality was proved almost simultaneously by Cornut and Vatsal around early 2000. Their
approach bears striking similarities and differences. Howard adopted Conut’s approach for the étale
Abel-Jacobi image of a class of generalised Heegner cycles around 2005.

3.1. Vatsal’s approach. In this subsection, we describe Vatsal’s approach regarding the non-triviality
of Heegner points over the anticyclotomic Zp-extension of an imaginary quadratic field following [42],
[43] and [44].

Let the notation and assumptions be as in §2. In this subsection, we consider the weight two case.

Let f ∈ S2(Γ0(N), ε) be a normalised newform. Let χ : A×K/K
× → C× be a Hecke character of

finite order over K such that χNK ∈ Σ0,0(b,N, ε). Let Ef be the Hecke field and Ef,χ the extension
obtained by adjoining the values of χ. Recall that X1(N) is the modular curve of level Γ1(N) and
the cusp ∞ of X1(N). Let J1(N) be the corresponding Jacobian. Let Bf be the abelian variety as-
sociated to f by the Eichler-Shimura correspondence and Φf : J1(N)→ Bf the associated surjective
morphism. The uniqueness of the abelian variety follows from the assumption that f is a newform.
By possibly replacing Bf with an isogenous abelian variety, we suppose that Bf endomorphisms by
the integer ring OEf . Let ωf be the differential form on X1(N) corresponding to f . We use the same
notation for the corresponding 1-form on J1(N). Let ωBf ∈ Ω1(Bf/Ef )

OEf be the unique 1-form
such that Φ∗f (ωBf ) = ωf . Here Ω1(Bf/Ef )

OEf denotes the subspace of 1-forms given by

Ω1(Bf/Ef )
OEf =

{
ω ∈ Ω1(Bf/Ef )|[λ]∗ω = λω,∀λ ∈ OEf

}
.

Recall that b is a positive integer prime to N . Let Ab be an elliptic curve with endomorphism ring
Ob = Z+bO, defined over the ring class fieldHb. Let t be a generator of Ab[N]. We thus obtain a point
xb = (Ab, Ab[N], t) ∈ X1(N)(HbN ). Let ∆b = [Ab, Ab[N], t]−(∞) ∈ J1(N)(HbN ) be the corresponding
Heegner point on the modular Jacobian. We regard χ as a character χ : Gal(HbN/K) → Ef,χ. Let
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Hχ be the abelian extension of K cut out by the character χ. To the pair (f, χ), we associate the
Heegner point Pf (χ) given by

(3.1) Pf (χ) =
∑

σ∈Gal(HbN/K)

χ−1(σ)Φf (∆σ
b ) ∈ Bf (Hχ)⊗OEf Ef,χ.

To consider the non-triviality of the Heegner points Pf (χ) as χ varies, we can consider the non-
triviality of the corresponding p-adic formal group logarithm. The restriction of the p-adic logarithm
gives a homomorphism

logωBf
: Bf (Hχ)→ Cp.

We extend it to Bf (Hχ)⊗OEf Ef,χ by Ef,χ-linearity.

We now fix a finite order Hecke character η such that ηNK ∈ Σ0,0(c,N, ε), for some c prime to
N . For the pair (f, η), Conjecture A translates as the non-triviality of the Heegner points Pf (ην)
for all but finitely many ν ∈ Xl. We recall l is an odd prime unramified in K and prime to cN .
Moreover, Conjecture B and Conjecture C translate as the non-triviality of the p-adic formal group
logarithm logωBf

Pf (ην) of the Heegner points Pf (ην) for all but finitely many ν ∈ Xl. In particular,
the conjectures are equivalent for the pair. The conjectures thus involve only the prime l in the
formulation.

In view of the hypotheses, we recall that the Rankin-Selberg L-function L(f, (ην)−1, s) is self-dual
with root number −1. The Gross-Zagier formula expresses the central derivative of the L-function
essentially as the Neron-Tate height of the Heegner point Pf (ην).

Vatsal originally proved the conjecture in the case b = 1. Roughly, the approach consists of the
following steps.

Level raising : Let p be an auxiliary prime. In view of Ribet’s level raising, there exist many
primes q - lpNdK and a normalised newform g ∈ S2(Γ0(Nq)) such that g is congruent to f modulo
p. In [43], q is chosen to be inert in K. The Rankin-Selberg L-function L(g, (ην)−1, s) is accordingly
self-dual with root number 1. In particular, the congruent Rankin-Selberg convolutions have the root
numbers with opposite signs. The following relevance of the sign change phenomena seems to be first
suggested by Jochnowitz.

Jochnowitz congruence : Let P be the place in Q above p induced via the p-adic embedding ιp.
The congruence implies that if the normalised central-critical L-value

(3.2)
L(g, (ην)−1, 1/2)

Ωg

is a P-unit, then the Heegner point Pf (ην) is indivisible by P in Bf (Hην)⊗Tf Ef,ην . Here Ωg is Hida’s
canonical period. In this form, the congruence is due to Bertolini-Darmon and Vatsal, independently.
An elementary argument shows that the torsion subgroup of the Mordel-Weil group Bf (HNl∞) is
finite. Thus, generic P-indivisibility of the Heegner points for sufficiently large p implies the generic
non-triviality of the Heegner points i.e. the conjecture for the pair (f, η). Summarising, the con-
gruence reduces the non-triviality of the Heegner points to the non-triviality of normalised central
L-values modulo p for sufficiently large p. In particular, the non-triviality of central derivative of an L-
function is reduced to the non-triviality of normalised central L-value modulo p for sufficiently large p.

Waldspurger formula : Let B be a quaternion algebra over Q ramified at the primes {q,∞}. Let X
be the corresponding Gross curve of level N . Here we only mention that X is disconnected and the



NON-TRIVIALITY OF GENERALISED HEEGNER CYCLES OVER ANTICYCLOTOMIC TOWERS: A SURVEY 11

connected components are genus zero curves over Q corresponding to a conjugacy class of an oriented
Eichler order of B of level N . In this setup, a Heegner point of conductor b is a pair P = (ι, R), where
R ⊂ B is an Eichler order of level N and ι : K → B an embedding such that ι−1(R) = Ob. The pair
determines a geometric point on X lying on a component corresponding to the class of R. Let Xn

be the set of Heegner points of conductor Nln. It turns out that there is a natural action of the ring
class group Gn on Xn. LetM = Pic(X). We recall thatM happens to be the corresponding Hida
‘variety’. Let ψ be a normalised Jacquet-Langlands transfer of f toM. We regard ψ as a function on
the Heegner point P via ψ(P ) = ψ(R). The Waldspurger formula expresses the normalised central
L-values in (3.2) essentially as an anticyclotomic toric period given by

(3.3)
1

ln

∑
P∈Xn

∑
σ∈Gn

(ην)−1(σ)ψ(P σ)ψ(P ).

Equidistribution of Heegner points : Based on the Waldspurger formula, the non-vanishing of the
normalised central L-values modulo p is closely related to

(1). the equidistribution of the Heegner points Xn on various components of X and
(2). the independence of a certain Galois action on Xn

as n→∞.

The equidistribution boils down to a rather standard problem in the theory of random walks on
graphs. The independence turns out to be intricate and is closely related to an analog of the equidis-
tribution in (1) for Galois conjugates of the Heegner points on self-products of the Gross curve. It is
also related to the non-constancy of the Jacquet-Langlands transfer ψ modulo p. We only indicate
the analog. Let H0 be the torsion subgroup of Γl and H1 be the genus subgroup given by

(3.4) H1 =
{
FrobQ : Q2 = qO|D, q 6= l

}
⊂ H0.

Let R be a set of representatives for the quotient H0/H1. The analog asserts the equidistribution of
the image

(3.5)
{

(P σ)σ : σ ∈ R, P ∈ Xn

}
⊂ XR

of CM points under the skewed diagonal map, as n → ∞. This consideration was partly suggested
by Cornut’s approach. We refer to the next subsection for a heuristics. In [43], the equidistribtuion
was proven based on Ratner’s theorem on closures of unipotent flows on p-adic Lie groups.

The use of Ratner’s theorem to establish the equidistribution seems to be the fundamental step
in the approach.

3.2. Cornut’s approach. In this subsection, we describe Cornut’s approach regarding the non-
triviality of Heegner points over the anticyclotomic Zp-extension of an imaginary quadratic field. We
also briefly describe Howard’s adoption of the approach for the non-triviality of the étale Abel-Jacobi
image of a class of generalised Heegner cycles.
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3.2.1. Heegner points. We describe Cornut’s approach to the non-triviality of Heegner points follow-
ing [23].

Let the notation and assumptions be as in the previous subsection.

Cornut originally proved a weak form of the Conjecture in the case b = 1. More precisely, Cor-
nut proved the non-triviality of the Heegner points Pf (ην) for infinitely many ν ∈ Xl. In the case of
ordinary reduction the Conjecture follows from this result combined with Mazur’s control theorem
from Iwasawa theory. The approach is rather geometric and involves directly working with Heegner
points arising from the modular curves.

We recall that H0 is the torsion subgroup of Γl. In view of the elementary fact that the torsion
subgroup of the Mordell-Weil group Bf (HNl∞) is finite, the non-triviality is closely related to the
infinitude of the set {

TrHNl∞/K∞(∆ln) : n ≥ 0
}
.

This would follow if the image {
(xσln)σ : σ ∈ H0, n ≥ 0

}
⊂ XH0

of CM points under the skewed diagonal map were Zariski dense. However, this does not turn out to
be the case in general. The strategy consists of analysing the Zariski closure of a closely related image.

Roughly, the approach consists of the following steps.

Genus subgroup action : Recall that H1 ⊂ H0 is the genus subgroup (cf. (3.4)). Let FrobQ ∈ H1

with Q2 = qO and σq = FrobQ. We have the usual pair of degeneracy maps X0(Nq)→ X0(N). The
Zariski closure of the skewed diagonal{

(xln , σq(xln) : n ≥ 0
}
⊂ X0(N)2

in the self-product is readily seen to be the image of the degeneracy maps. In particular, the genus
subgroup action admits a geometric description. Consideration of Shimura subvarieties of the self-
product suggests that the action of H0/H1 does not admit such a description. This is a heuristic
behind the equidistribution in (3.5) and what follows.

Reduction of CM points : To analyse the image of the Zariski closure of the skewed diagonal, Cornut
considers reduction of the CM points at inert primes in K/Q. Let S be a finite set of primes inert in
K and not dividing Nl. Let RED be the reduction map

(3.6) RED :
⋃
n≥0

Γl · xln →
∏
σ∈R

∏
q∈S

Xss
0 (N)(Fq2)

arising from
g(xln) 7→ (σg(xln))(σ,g)∈R×S .

Here Xss
0 (N)(Fq2) ⊂ X0(N)(Fq) is the set of supersingular points over Fq2 and we denote the mod

q reduction of the CM points by the same notation. The map admits a group theoretic description.
Ratner’s theorem can then be used to show that the map is surjective. In particular, the representa-
tives R act independently on the CM points.

Ihara’s lemma : Let M be the product of primes q|D. A variant of the previous step applies to
the CM points on the modular curve X0(NM) which map to the Heegner points Pf (ην). Ihara
showed that Xss

0 (NM)(Fq2) generates a ‘large’ subgroup of the Mordell-Weil group J0(NM)(Fq2).
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Based on these facts, Cornut concludes that for primes p outside a finite set of primes the Heegner
points Pf (ην) are p-indivisible. Taking p to be sufficiently large, this finishes the proof as in Vatsal’s
case.

The use of Ratner’s theorem and Ihara’s lemma seems to be the fundamental step in the approach.

When η|G0 = 1, the approach can be simplified based on a proven case of the André-Oort con-
jecture implying the Zariski density of skewed diagonal CM points (cf. [24]).

In the case b = 1, Cornut-Vatsal generalised the approach for Shimura curves over totally real fields
around 2004 (cf. [25]). The case of b 6= 1 was later treated by Aflalo-Nekovář refining Cornut-Vatsal
approach around 2009 (cf. [1]).

3.2.2. Classical Heegner cycles. We briefly describe Howard’s adoption of the approach for the non-
triviality of the étale Abel-Jacobi image of a class of generalised Heegner cycles following [31] and [32].

Unless otherwise stated, let the notation and hypotheses be as in §2.3.

Let f ∈ S2k(Γ0(N)) be a normalised newform of weight 2k > 2 and trivial neben-character. Let
η be a Hecke character such that η ∈ Σ2k−2,0(b,N, id). We consider the non-triviality of the gener-
alised Heegner cycles ∆f,ην as ν ∈ Xl varies. In the cases l 6= p and l = p, the non-triviality in the
sense of Conjecture B and Conjecture C seems to be of different nature.

We first describe Howard’s result in the case l 6= p.

Let p be a prime such that p - lNϕ(N)(2k − 2)!. Along the lines of Conjecture B, in [31, Cor.
3.1.2] Howard proves

AJHην ,ét(∆f,ην) 6= 0.

for infinitely many ν ∈ Xl.

We only mention that the approach is a cohomological adoption of Cornut’s approach. Accord-
ingly, it relies on several fundamental Galois cohomology results. A key step in the argument again
involves an use of Ratner’s theorem.

As far as we know, the approach does not seem to yield the non-triviality of all but finitely many
cohomology classes. New ideas seem to be needed for the non-triviality of the p-adic Abel-Jacobi
image (cf. Conjecture C).

We now briefly describe Howard’s results in the case l = p (cf. [32]).

Let F be a Hida family of elliptic Hecke eigenforms. For a weight 2 eigenform f in the family,
we have the étale Abel-Jacobi image AJHην ,ét(Pf,ην) arising from the Heegner points over the anti-
cyclotomic tower. In [32], these cohomology classes are interpolated along F to obtain ‘big Heegner
points’. Howard proves that any arithmetic specialisation of the big Heegner points is non-trivial.
In particular, the higher weight specialisation of the class is non-trivial. The approach is again a
cohomological adoption of Cornut’s approach. In [32], Howard also proves that the arithmetic spe-
cialisations of the class behave like étale Abel-Jacobi image of generalised Heegner cycles i.e. they
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are ‘geometric’ at p and essentially satisfy Euler system relations. In [19], it is indeed shown that the
classes are closely related to the étale Abel-Jacobi image of relevant generalised Heegner cycles. The
non-triviality can thus be considered as a result towards Conjecture B for the cohomology classes
corresponding to an ordinary Hecke eigenform of an arbitrary weight.

New ideas seem to be needed for the non-triviality of the p-adic Abel-Jacobi image (cf. Conjecture
C).

4. Non-triviality II

In this section, we describe a recent approach to the non-triviality of the p-adic Abel-Jacobi image
of generalised Heegner cycles (cf. Conjecture C). The approach is based on Hida’s approach to non-
triviality and Bertolini-Darmon-Prasanna’s p-adic Waldspurger formula.

Hida’s approach goes back at least to early 2000. The p-adic Waldspurger formula was proven
by Bertolini-Darmon-Prasanna around mid 2009. In the case of CM elliptic curves, the formula goes
back to Rubin around 1991. The non-triviality results were obtained around early 2014.

4.1. Anticyclotomic toric periods. In this subsection, we describe Hida’s approach to the non-
triviality of anticyclotomic toric periods of a p-adic modular form modulo p.

Let the notation and hypotheses be as in §2.1. For convenience, we follow adelic notation for the CM
points.

We first consider the case l 6= p.

Let F be an algebraic closure of Fp. Let W be the Witt ring W (F). Let π : Ig → X0(N)/W be
the Igusa tower (cf. [30, §7.2]). For a non-negative integer n, recall that HcNln is the ring class field
of K of conductor cNln. Let Rn = Z + cNlnO. We have a canonical identification

Pic(Rn) = Gn

given by the reciprocity map. For σ ∈ Gn, let x(σ) be the corresponding CM point on the Igusa
tower defined in [33, §3] (also see [28, §2.2]). In the notation of §3.1, x(σ) is the CM point xσcln along
with a choice of p∞-level structure. Let I be the irreducible component containing the CM point.
Let Un = C1 × (R̂n)× ⊂ C× ×A×K,f be a compact subgroup, where C1 is the complex unit circle.
Via the reciprocity law, we have the identification

K×A×Q\A
×
K/Un = Gn.

Let [·]n : A×K → Gn be the quotient map and [a] = lim←−n[a]n ∈ Γl. For a ∈ A×K,f , let xn(a) be the CM
point x([a]n). Let c(a) be the polarisation ideal of the CM point x0(a) defined in [33, §3.4].

Let λ be a Hecke character over K and λ̂ its p-adic avatar. We recall that λ̂ : A×K,f/K
× → C×p

is given by
λ̂(x) = λ(x)x(j+κc(1−c))

p .
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Here x ∈ A×K,f and λ is of infinity type (j + κc, κc).

A p-adic modular form is a formal function on the Igusa tower (cf. [30, 7.2.4]). In particular, it
is a function of an isomorphism class of a pair consisting of a p-ordinary point on the underlying
modular curve and a p∞-level structure on the point.

Let g be a p-adic modular form of tame level Γ0(N) such that:

(T) g(xn(at)) = λ̂(t)−1g(xn(a)), where a ∈ A×K,f and t ∈ UnA×Q.

We now define anticyclotomic toric periods of g (cf. [27, §3.1 and §3.4]). For φ : Gn → Zp, let
Pg,λ(φ, n) be the toric period given by

(4.1) Pg,λ(φ, n) =
∑

[t]n∈Gn

φ([t]n)g(xn(t))λ̂(t).

The above expression is well defined in view of (T). We remark that the toric period typically de-
pends on n and the toric periods may not give rise to a measure on Γl in general. Under additional
hypothesis on g, the toric periods can be normalised to obtain a measure on Γl (cf. [27, §3.1 and §3.4]).

For the rest of the subsection, we moreover suppose that g is a nearly holomorphic modular form
defined over a number field.

To discuss the non-triviality of the toric periods modulo p, we introduce more notation. Let ∆l be the
torsion subgroup of Γl, Γalgl the subgroup of Γl generated by [a] for a ∈ (A

(lp)
K )× and ∆alg

l = Γalgl ∩∆l.
Let S be a set of representatives of ∆alg

l in (A
(lp)
K )×.

Let

(4.2) gS =
∑
s∈S

λ̂(s)g|[s].

For the definition of the operator |[·], we refer to [33, §2.6].

We consider the following hypothesis.

(H) For every u ∈ Z prime to l and a positive integer r, there exists a positive integer β ≡ umod lr
and a ∈ A×K,f such that aβ(gS , c(a)) 6= 0mod mp.

We have the following result regarding the non-triviality of the toric periods modulo p.

Theorem 4.1. (Hida) Let the notation be as above. In addition to (ord), suppose that the hypothesis
(H) holds. Then we have

Pg,λ(ν, n) 6= 0mod mp

for all but finitely many ν ∈ Xl factoring through Γn as n→∞ (cf. [27, Thm. 3.2 and Thm. 3.3]).

The theorem is based on the general theory of Shimura varieties. It fundamentally relies on the
following Zariski density of the images of CM points on self-products of the mod p Igusa tower by a
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skewed diagonal map.

Theorem 4.2. (Hida) Let the notation and assumptions be as above. Let 0 < n1 < n2 < ... be an
infinite sequence of integers and r an integer such that 0 ≤ r ≤ n1. Let Ξ be a subset of CM points
given by

Ξ = {x(σ)/F : σ ∈ Ker(Γnj � Γr), j ∈ Z>0} ⊂ I/F.

Let ∆ ⊂ Γl be a finite subset such that it is independent modulo Γalgl . Then the subset of the image
of CM points by a skewed diagonal map given by

{x(δσ)/F : δ ∈ ∆, x(σ) ∈ Ξ} ⊂ I∆
/F

is Zariski dense (cf. [27, Prop. 2.8]).

The Chai-Oort rigidity principle predicts that a Hecke stable subvariety of a mod p Shimura variety
is a Shimura subvariety. The principle has been studied by Chai in a series of articles (cf. [20], [21]
and [22]). There is also related ongoing work of Chai and Chai-Oort. The Zariski density does is a
rather unexpected application of Chai’s theory of Hecke stable subvarieties (cf. [21]). Hida adapts
Chai’s theory for self-products of the mod p Igusa tower and a local analog of the Hecke symmetries.

We now briefly consider the case l = p.

In this case, we analogously ask for the non-triviality of the anticyclotomic toric periods modulo
p. This case is again due to Hida. It fundamentally relies on an Ax-Lindemann type functional
independence for p-adic modular forms modulo p (cf. [29, §3.5]). We recall that the Ax-Lindemann
independence is regarding an independence of a class of exponential functions. More precisely, it
states that for finitely many linearly independent algebraic numbers over the rationals, the corre-
sponding exponentials are algebraically independent over the rationals. The independence is based
on a variant of the Zariski density.

Based on the non-triviality of the periods, several results regarding the non-triviality of L-values
and p-adic L-functions modulo p were obtained over the last decade. Here we only refer to [27], [29],
[33], [10], [34], [8], [11] and [35].

4.2. (l, p) non-triviality. In this subsection, we describe a recent result regarding the non-triviality
of the p-adic Abel-Jacobi image of generalised Heegner cycles in the case l 6= p.

Unless otherwise stated, let the notation and hypothesis be as in §2.3. In particular, f is a nor-
malised newform of weight k ≥ 2 and level Γ0(N). Let P be a prime above p in the Hecke field Ef
induced by the p-adic embedding ιp. Let

ρf : Gal(Q/Q)→ GL2(OEf,P)

be the corresponding p-adic Galois representation.

Let η be a Hecke character over K. We consider the non-triviality of the p-adic Abel-Jacobi im-
age of generalised Heegner cycles ∆f,ην as ν ∈ Xl varies.
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Our result towards a refinement of Conjecture C is the following (cf. [13]).

Theorem 4.3. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and
η ∈ Σr1,r2(c,N, ε) be a Hecke character of infinity type (r2 + 1− j, 1 + j), for some c prime to N and
0 ≤ j ≤ r2. For v|c−, let ∆η,v be the finite group η(O×Kv). In addition to the hypotheses (ord) and
(Hg), suppose that

(1). The residual representation ρf |GK mod mp is absolutely irreducible and
(2). p -

∏
v|c− ∆η,v.

Then, for all but finitely many ν ∈ Xl (as n→∞)

vp

(
Ep(f, ηνNu

K)

j!
AJHην (∆f,ην)(ωf ∧ ωjAη

r−j
A )

)
= 0,

where Ep(f, ηνNu
K) = 1− (ηνNu

K)−1(p)ap(f) + (ηνNu
K)−2(p)ε(p)pr2+1.

In the case of weight 2, the theorem translates as the following.

Corollary 4.4. Let the notation be as above. Let f ∈ S2(Γ0(N), ε) be a normalised newform and η
a finite order Hecke character such that ηNK ∈ Σ0,0(c,N, ε), for some c prime to N . For v|c−, let
∆η,v be the finite group η(O×Kv). In addition to the hypotheses (ord) and (Hg), suppose that

(1). The residual representation ρf |GK mod mp is absolutely irreducible and
(2). p -

∏
v|c− ∆η,v.

Then, for all but finitely many ν ∈ Xl we have

vp

( logωBf
(Pf (ην))

p

)
= 0.

To describe the approach, we restrict to the case r1 = r2 = r for simplicity. Roughly, the main
steps are the following.

p-adic Waldspurger formula : Let V and U be the Hecke operators on the space of p-adic modu-
lar forms defined in [2, §3.8]. Let f (p) be the p-depletion given by

f (p) = f |(V U − UV ).

The pair (d−1−j(f (p)), ηN−1−j
K ) satisfies the hypothesis (T) and the toric periods are given by the

p-adic Waldspurger formula, namely

(4.3) P
d−1−j(f (p)),ηN−1−j

K
(ν, n) =

Ep(f, ην)

j!
AJF (∆f,ην)(ωf ∧ ωjAη

r−j
A )

(cf. [2, Thm. 5.13]). The formula expresses the p-adic Abel-Jacobi image of generalised Heegner
cycles essentially as an anticyclotomic toric period of the p-adic modular form d−1−j(f (p)). In par-
ticular, the formula reduces the non-triviality of the p-adic Abel-Jacobi image to the non-triviality of
the anticyclotomic toric periods of a p-adic modular form.
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Elementary congruence : Recall that Hida’s result regarding the non-triviality of anticyclotomic
toric periods (cf. Theorem 4.1 ) directly only applies to the periods of a class of nearly holomorphic
modular forms. We accordingly try to find a congruence of the above periods with the ones of a
suitable nearly holomorphic modular form. An elementary congruence happens to work. Let m be a
positive integer such that p− 1 divides m(p− 2)p+ 1 and k + 2m(p− 2)p− 2j ≥ 2. We have

(4.4) P
dm(p−2)p−j(f),ηN

m(p−2)p−j
K

(φ, n) ≡ P
d−1−j(f (p)),ηN−1−j

K
(φ, n)mod mp.

The congruence is an immediate consequence of

dm(p−2)p−j(f) ≡ d−1−j(f (p))mod mp.

The last congruence readily follows from the q-expansion principle.

Toric forms : In view of Theorem 4.1, it suffices to verify the non-triviality hypothesis (H) for
the pair (dm(p−2)p−j(f), ηN

m(p−2)p−j
K ). The nearly holomorphic form turns out to be toric in the

sense of [35, Intro.]. Based on an analysis of local Whittaker models, Fourier coefficients of such toric
forms are investigated in [35]. Under the hypotheses (1) and (2), the hypothesis (H) follows from the
non-vanishing of the Fourier coefficients modulo p in [35, §3].

In view of the hypotheses (1), the non-vanishing results do not apply in the case when the new-
form has CM by K. Further analysing Fourier coefficients of the toric forms, it seems quite possible
that the case is within reach.

4.3. (p, p) non-triviality. In this subsection, we describe results regarding the non-triviality of the
p-adic Abel-Jacobi image of generalised Heegner cycles in the case l = p.

Unless otherwise stated, let the notation and hypotheses be as in the previous subsection. We consider
the non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles ∆f,ην as ν ∈ Xp varies.

The following result regarding Conjecture C follows from the results of Castella, Hida and Hsieh
(cf. [18], [19], [29], [34] and [35]).

Theorem 4.5. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and
η ∈ Σr1,r2(c,N, ε) a Hecke character of infinity type (r2 + 1 − j, 1 + j), for some c prime to N and
0 ≤ j ≤ r2. Suppose that the hypotheses (ord) and (Hg) hold. When f does not have CM over K, in
addition suppose that

the residual representation ρf |GK mod mp is absolutely irreducible.

Then for all but finitely many ν ∈ Xp (as n→∞)

AJHην (∆f,ην)(ωf ∧ ωjAη
r−j
A ) 6= 0.
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To describe the proof, we restrict to the case r1 = r2 = r for simplicity. Roughly, the main steps are
the following.

Anticyclotomic Rankin-Selberg p-adic L-function : Associated to the pair (f, η), an anticyclotomic
Rankin-Selberg p-adic L-function Lp(f, η) ∈ ZpJΓK is constructed in [2], [7] and [35]. It is charac-
terised by the interpolation formula

λ̂(Lp(f, η))
.
= L(f, (ηλ)−1NK, 1/2).

Here λ is an unramified Hecke character of K with infinity type (m,−m) for m ≥ 0. The notation
“ .=" denotes that the equality holds up to well determined periods. When f has CM over K, the
p-adic L-function is a product of two anticyclotomic Katz p-adic L-functions (cf. [26, (8.5 a)]).

p-adic Waldspurger formula : The characters in Xp are outside the range of interpolation of the
anticyclotomic Rankin-Selberg p-adic L-function. For ν ∈ Xp, we have

ν̂(Lp(f, η))
.
= AJHην (∆f,ην)(ωf ∧ ωjAη

r−j
A )

(cf. [18, Thm. 2.19]). Here “ .=” denotes that the equality holds up to well determined periods. This p-
adic Waldspurger formula is due to Castella and follows the approach of Bertolini-Darmon-Prasanna.

Non-vanishing of p-adic L-function : When f has CM over K, the non-vanishing of the p-adic
L-function follows from the results of Hida and Hsieh on the non-vanishing of anticyclotomic Katz
p-adic L-functions (cf. [29] and [34]). The non-vanishing is based on Hida’s approach in the case
l = p (cf. §4.1). In the general case, under the hypotheses in the theorem, we have

Lp(f, η) 6= 0

(cf. [35, Thm. C]). The non-vanishing is due to Hsieh and is again based on Hida’s approach. The
approach reduces the non-vanishing to the mod p non-vanishing of a toric form as in §4.2. As Xp is
a dense subset of characters of Γp, this finishes the proof of the theorem.

The results do not apply in the case when the normalised newform has CM by K. In an ongo-
ing joint work, we in fact show the generic non-vanishing of the corresponding p-adic heights in this
case (cf. [16]).

5. Addendum

In this section, we end with miscellaneous remarks.

Comparison of the approach of Cornut and Vatsal with the one in §4 seems to be suggestive. Here
we only restrict to a few remarks. We invite the reader to add more. Roughly, the first step in all the
approaches is the reduction to the non-triviality of anticyclotomic toric periods of a p-adic modular
form modulo p. In the case of Vatsal, this relies on Jochnowitz congruence. The periods are on a Hida
‘variety’ and the non-triviality needs to be shown for a large p. In the case of Cornut, this relies on
the geometry of the modular parametrisation of the abelian variety. The periods are on the modular
curve with values in the abelian variety and the non-triviality needs to be shown for a large p. In our
case, this relies on the p-adic Waldspurger formula. The periods are on the Igusa tower and the non-
triviality for any p split in the imaginary quadratic extension provides finer information regarding the
non-triviality of the p-adic formal group logarithm of Heegner points modulo p. The second step is an
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equidistribution/ Zariski density of the image of CM points on self-products of the underlying mod-
ular variety under a skewed diagonal map. In the case of Cornut and Vatsal, this relies on Ratner’s
theorem. In our case, this relies on Chai’s theory of Hecke-stable subvarieties of a mod p Shimura va-
riety. The second step reduces the non-triviality of the periods to the non-triviality of a modular form
modulo p. The non-triviality relies on the theory of modular forms on the underlying modular variety.

The recent approach also allows a smooth transition to the case of higher weight. The approach
gives an uniform treatment of both the cases and extra information regarding the non-triviality of
p-adic Abel-Jacobi image modulo p.

The formalism of generalised Heegner cycles can also be developed for Shimura curves arising from
a class of indefinite quaternion algebras over a totally real field (cf. [7] and [37]). An analog of the
non-triviality conjectures in §2.3 can be formulated verbatim.

For Shimura curves over the rationals, a refinement of the analog of Conjecture C in the case l = p is
proven in [14]. The approach is similar to the one in §4.3. The p-adic Waldspurger formula is due to
Brooks (cf. [9]). An analog of the Ax-Linedemann type functional independence for modular forms
on the Shimura curve is proven in [14]. A refinement in the case l 6= p is a work in progress (cf. [15]).

For Shimura curves over a totally real field, the p-adic Waldspurger formula has been recently gen-
eralised by Liu-Zhang-Zhang (cf. [37]). An analog of the Ax-Lindemann functional independence in
the case of an arbitrary quaternionic Shimura variety over the totally real field is proven in [12]. In
the near future, we hope to consider a refinement of Conjecture C for generalised Heegner cycles over
anticyclotomic extensions of a CM field.
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