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Abstract. Generalised Heegner cycles are associated with a pair of an elliptic newform and a Hecke character
over an imaginary quadratic extension K/Q. Let p be an odd prime split in K/Q and l 6= p an odd unramified
prime. We prove the non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles modulo p

over the Zl-anticylotomic extension of K. The result is an evidence for the refined Bloch-Beilinson and the
Bloch-Kato conjecture. In the case of weight two, it provides a refinement of the results of Cornut and Vatsal
on Mazur’s conjectures regarding the non-triviality of Heegner points over the Zl-anticylotomic extension of K.
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1. Introduction

One expects the existence of a commutative p-adic L-function Lp(M) associated to a p-ordinary critical motive
M over a tower of number fields with the Galois group being a commutative p-adic Lie-Group Γ, characterised
by an interpolation of the p-stabilised critical L-values ofM twisted by a dense subset of characters of Γ. Cer-
tain values of the p-adic L-function outside the range of interpolation are expected to encode deep p-adic
arithmetic information regardingM. One can ask for the non-triviality of the value of Lp(M⊗ ν) at a fixed
character outside the range of interpolation, as ν varies over a family of l-power conductor characters, for a
prime l 6= p. If one has a strategy of approaching the non-triviality of critical L-values ofM twisted by ν as
ν varies, it might apply for the former non-triviality as well.

Based on the classical Waldspurger formula (cf. [32]), an anticyclotomic p-adic L-function associated with
a Rankin-Selberg convolution of an elliptic modular form and a theta series is constructed in [2], [6] and
[23]. In [2], values of the p-adic L-function at certain characters outside the range of interpolation are shown
to be related to the p-adic Abel-Jacobi image of generalised Heegner cycles associated to the convolution.
This can be considered as a p-adic Waldspurger formula (cf. [25]). The construction of the cycle is due to
Bertolini-Darmon-Prasanna and generalises the one of classical Heegner cycles due to Schoen and Nekovář.
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The cycle lives in a middle dimensional Chow group of a fiber product of a Kuga-Sato variety arising from
a modular curve and a self-product of a CM elliptic curve. In the case of weight two, the cycle coincides
with a Heegner point. Based on Hida’s strategy, non-triviality of Rankin-Selberg L-values of the l-power
conductor anticyclotomic character twists modulo p is shown in [7] and [23]. In this article, we use the strat-
egy to study non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles modulo p over the
Zl-anticyclotomic extension. The non-triviality can be seen as an evidence for the Bloch-Beilinson and the
Bloch-Kato conjecture as follows. In the setup, the Rankin-Selberg convolution is self-dual with root number
−1. Accordingly, the Bloch-Beilinson conjecture implies the existence of a non-torsion null-homologous cycle
in the Chow realisation. In the setup, a natural candidate for a non-trivial null-homologous cycle is the gen-
eralised Heegner cycle. For a prime p, the Bloch-Kato conjecture implies the non-triviality of the p-adic étale
Abel-Jacobi image of the cycle. A natural question is to further investigate the non-triviality of the p-adic
Abel-Jacobi image of the cycle.

In the introduction, for simplicity we mostly restrict to the case of Heegner points.

Let p > 3 be an odd prime. We fix two embeddings ι∞ : Q → C and ιp : Q → Cp. Let vp be the p-
adic valuation induced by ιp so that vp(p) = 1. Let mp be the maximal ideal of Zp.

Let K/Q be an imaginary quadratic extension and O the ring of integers. Let −dK be the discriminant.
As K is a subfield of the complex numbers, we regard it as a subfield of the algebraic closure Q via the
embedding ι∞. Let GK be the absolute Galois group Gal(Q/K). Let c be the complex conjugation on C
which induces the unique non-trivial element of Gal(K/Q) via ι∞. We assume the following:

(ord) p splits in K.

Let p be a prime above p in K induced by the p-adic embedding ιp. For an integral ideal n of K, we fix
a decomposition n = n+n− where n+ (resp. n−) is only divisible by split (resp. ramified or inert) primes in
K/Q. For a positive integer m, let Hm be the ring class field of K with conductor m and Om = Z +mO the
corresponding order. Let H be the Hilbert class field.

Let N be a positive integer such that p - N . For k ≥ 2, let Sk(Γ0(N), ε) be the space of elliptic cusp
forms of weight k, level Γ0(N) and neben-character ε. Let f ∈ S2(Γ0(N), ε) be a normalised newform. In
particular, it is a Hecke eigenform with respect to all Hecke operators. Let Nε|N be the conductor of ε.
Let Ef be the Hecke field of f and OEf the ring of integers. Let P be a prime above p in Ef induced by
the p-adic embedding ιp. Let ρf : Gal(Q/Q)→ GL2(OEf,P) be the corresponding p-adic Galois representation.

We assume the following generalised Heegner hypothesis:

(Hg) O contains an ideal N of norm N such that there exists an isomorphism

O/N ' Z/NZ.

From now, we fix such an ideal N. Let Nε|N be the unique ideal of norm Nε. In view of (Hg), note that N−

is only divisible by ramified primes in K.

Let N denote the norm Hecke character over Q and NK := N ◦ NK
Q the norm Hecke character over K.

For a Hecke character λ over K, let fλ (resp. ελ) denote its conductor (resp. the restriction λ|A×Q , where AQ

denotes the adele ring over Q). We say that λ is central critical for f if it is of infinity type (j1, j2) with
j1 + j2 = 2 and ελ = εN2.

Let b be a positive integer prime to pN . Let Σcc(b,N, ε) be the set of Hecke characters λ such that:

(C1) λ is central critical for f ,
(C2) fλ = b ·Nε and
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(C3) The local root number εq(f, λ−1) = 1, for all finite primes q.

Let χ be a finite order Hecke character such that χNK ∈ Σcc(b,N, ε). Let Ef,χ be the finite extension
of Ef obtained by adjoining the values of χ.

Let X1(N) be the modular curve of level Γ1(N), ∞ the standard cusp i∞ of X1(N) and J1(N) the cor-
responding Jacobian. Let Bf be an abelian variety associated to f by the Eichler-Shimura correspondence
and Φf : J1(N)→ Bf the associated surjective morphism. Up to isogeny, the uniqueness of the abelian variety
follows from the assumption that f is a newform. By possibly replacing Bf with an isogenous abelian variety,
we suppose that Bf endomorphisms by the integer ring OEf . Let ωf be the differential form on X1(N) corre-
sponding to f . We use the same notation for the corresponding 1-form on J1(N). Let ωBf ∈ Ω1(Bf/Ef )OEf

be the unique 1-form such that Φ∗f (ωBf ) = ωf . Here Ω1(Bf/Ef )OEf denotes the subspace of 1-forms given by

Ω1(Bf/Ef )OEf =
{
ω ∈ Ω1(Bf/Ef )|[λ]∗ω = λω,∀λ ∈ OEf

}
.

Recall that b is a positive integer prime to N . Let Ab be an elliptic curve with endomorphism ring Ob = Z+bO,
defined over the ring class field Hb. Let t be a generator of Ab[N]. We thus obtain a point xb = (Ab, Ab[N], t) ∈
X1(N)(HbN ). Let ∆b = [Ab, Ab[N], t]−(∞) ∈ J1(N)(HbN ) be the corresponding Heegner point on the modular
Jacobian. We regard χ as a character χ : Gal(HbN/K) → Ef,χ. Let Hχ be the abelian extension of K cut
out by the character χ. To the pair (f, χ), we associate the Heegner point Pf (χ) given by

(1.1) Pf (χ) =
∑

σ∈Gal(HbN/K)

χ−1(σ)Φf (∆σ
b ) ∈ Bf (Hχ)⊗OEf Ef,χ.

To consider the non-triviality of the Heegner points Pf (χ) as χ varies, we can consider the non-triviality of the
corresponding p-adic formal group logarithm. The restriction of the p-adic logarithm gives a homomorphism

logωBf
: Bf (Hχ)→ Cp.

We extend it to Bf (Hχ)⊗OEf Ef,χ by Ef,χ-linearity.

We now fix a finite order Hecke character η such that ηNK ∈ Σcc(c,N, ε), for some c. For v|c−, let ∆η,v

be the finite group η(O×Kv ). Here OKv denotes the integer ring of the local field Kv. Let l 6= p be an odd prime
unramified in K and prime to cN . Let HcNl∞ =

⋃
n≥0HcNln . Let Gn = Gal(HcNlnN/K) and Γl = lim←−Gn.

Let Xl denote the set of l-power order anticyclotomic characters of Γl. As ν ∈ Xl varies, we consider the
non-triviality of logωBf

(Pf (ην))/p modulo p.

Our result is the following.

Theorem A. Let p be an odd prime and N a positive integer such that p - N . Let f ∈ S2(Γ0(N), ε) be a nor-
malised newform with Tp-eigenvalue ap(f) and η a finite order Hecke character such that ηNK ∈ Σcc(c,N, ε),
for some c prime to pN . In addition to the hypotheses (ord) and (Hg), suppose that

(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p -

∏
v|c− ∆η,v.

Let l 6= p be an odd prime unramified in K and prime to cN . Then, for all but finitely many ν ∈ Xl
we have

vp
(
E(f, ην) logωBf

(Pf (ην))
)

= 0.

Here E(f, ην) = 1− (ην)−1(p)ap(f)p−1 + (ην)−2(p)ε(p)p−1.



4 ASHAY A. BURUNGALE

We have the following immediate corollary.

Corollary A. Let f ∈ S2(Γ0(N), ε) be a normalised newform and η a finite order Hecke character such
that ηNK ∈ Σcc(c,N, ε), for some c. In addition to (Hg), suppose that

(1). f does not have CM over K and
(2). N− is square-free.

Then, for all but finitely many ν ∈ Xl the Heegner points Pf (ην) are non-zero in Bf (Hην)⊗OEf Ef,ην .

Proof. This follows from the existence of a prime p satisfying the hypotheses of Theorem A.
�

For analogous non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles modulo p, we refer
to §3.3.

We now describe strategy of the proof. Some of the notation used here is not followed in the rest of the
article. We basically follow a strategy of Hida. To slightly strengthen the strategy, we first define anticyclo-
tomic toric periods Pg,λ(ν, n) associated to a pair (g, λ). Here g is a p-adic elliptic modular form, λ a Hecke
character and ν is as above factoring through Gn. We then state a non-triviality theorem implying the non-
triviality of the toric periods modulo p as long as g is a p-integral nearly holomorphic elliptic modular form
defined over a number field and we have non-triviality of a certain toric form associated to the pair modulo p.
The theorem follows from Hida’s proof of the non-triviality of an anticyclotomic modular measure modulo p
in [17]. The later is based on Chai’s theory of Hecke stable subvarieties of a mod p Shimura variety (cf. [15]).
Let d be the Katz p-adic differential operator and f (p) the p-depletion of f . For the pair (d−1(f (p)), η), the
toric period Pd−1(f(p)),η(ν, n) essentially equals logωBf

(Pf (ην))/p. This follows from the p-adic Waldspurger

formula. As d−1(f (p)) is a weight zero p-adic elliptic modular form, the non-triviality theorem does not directly
apply. However, we show that there exists a pair (g, λ) such that its toric periods are congruent modulo p
to the toric periods of the interest and the non-triviality theorem applies. The nearly holomorphic elliptic
modular form g is an iterated image under the p-adic differential operator of f and the congruence is a rather
simple consequence of the q-expansion principle. The criterion in the non-triviality theorem is basically verified
for the pair (g, λ) in [23] based on the computation of Fourier coefficients of a toric form. The hypotheses (1)
and (2) guarantee the non-triviality of the toric form modulo p.

We would like to remark that neither L-values nor p-adic L-functions appear explicitly in the statement
or the proof of Theorem A. The above strategy can be also used to prove the non-triviality of the p-adic for-
mal group logarithm arising from toric forms in [23] of the Heegner points on the modular Jacobian modulo p .

A related modulo p non-triviality is also considered in [35]. As [35] treats the case when p is inert in K, our
result is complementary. Without the hypotheses (1) and (2), Corollary A was conjectured by Mazur (cf. [26]).
Under the classical Heegner hypotheses, it was indepdendently proven by Cornut and Vatsal (cf. [11], [34], [35]
and also [12]). For a related work of Aflalo-Nekovář, we refer to [1]. In [11], there is an additional hypothesis
that the corresponding abelian variety Bf has good ordinary reduction at p. As far as we know, Corollary A
is a first result regarding Mazur’s conjecture under the generalised Heegner hypotheses (Hg). Moreover, the
theorem is a first result regarding the non-triviality of the p-adic formal group logarithm of Heegner points
modulo p. Our approach is new. It seems suggestive to compare our approach with the earlier approaches.
Here we only mention the following and for more refer to [9]. In [35], Jochnowitz congruence is a starting
point. It reduces the non-triviality of the Heegner points to the non-triviality of the Gross points on a suitable
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definite Shimura “variety". This in turn is studied via Ratner’s theorem. In this article, the non-triviality is
based on the modular curve itself. As indicated above, it relies on Chai’s theory of Hecke stable subvarieties
of a mod p Shimura variety. In other words, the result of Cornut and Vatsal now fits in the framework of Hida
(cf. [17]). An expectation along these lines was expressed in [36]. Before the p-adic Waldspurger formula, the
result and the framework appeared to be complementary. The formula also allows a rather smooth transition
to the higher weight case.

As far as we know, higher weight analogue of Theorem A is a first general result regarding the non-triviality
of the p-adic Abel-Jacobi image of generalised Heegner cycles. The only known result seems to be the non-
triviality of several examples of such families in [4]. Howard proved an analogous non-triviality of the étale
Abel-Jacobi image of classical Heegner cycles in [21].

Theorem A and its higher weight analogue has various arithmetic applications besides the Bloch-Beilinson
and the Bloch-Kato conjecture. Consequences for the p-indivisibility of Heegner points when f is p-ordinary
and the refined Bloch-Beilinson conjecture are described in §4 and the remark (1) following Theorem 3.5,
respectively. The later is based on [4]. The non-triviality also implies that the Griffiths group of the fiber
product of a Kuga-Sato variety arising from the Modular curve and a self-product of a CM elliptic curve has
infinite rank over the anticyclotomic extension. Arithmetic consequences of Corollary A are well documented
in the literature, for example [11] and [35].

In [8], we prove an analogue of the results for Shimura curves over the rationals in the case l = p. Re-
cently, the p-adic Waldspurger formula has been generalised to modular forms on Shimura curves over a
totally real field (cf. [25]).

The article is perhaps a follow up to the articles [2] and [17]. We refer to them for a general introduc-
tion. For a survey, we refer to [9].

The article is organised as follows. In §2, we describe a few generalities regarding the anticyclotomic toric
periods. In §3, we prove non-triviality of generalised Heegner cycles modulo p. For simplicity, we first treat
the case of Heegner points. In §3.1, we first state the p-adic Waldspurger formula and then prove Theorem
A. In §3.2, we describe generalities regarding generalised Heegner cycles and state conjectures regarding their
non-triviality. In §3.3, we prove the non-triviality of the p-adic Abel-Jacobi image of generalised Heegner
cycles modulo p. In §4, we prove the p-indivisibility of Heegner points when f is p-ordinary.

Acknowledgments. We are grateful to our advisor Haruzo Hida for continuous guidance and encouragement.
We thank Ming-Lun Hsieh for many instructive comments on the previous versions of the article and also
for his assistance. We thank Francesc Castella for helpful conversations, particularly regarding the p-adic
Waldspurger formula. We thank Henri Darmon and Burt Totaro for instructive comments. Finally, we thank
Miljan Brakocevic, Brian Conrad, Samit Dasgupta, Chandrashekhar Khare, Jan Nekovář, Vinayak Vatsal,
Kevin Ventullo and Xinyi Yuan for helpful conversations about the topic.

Notation We use the following notation unless otherwise stated.

For a number field L, let OL be the ring of integers, AL the adele ring, AL,f the finite adeles and A
(�)
L,f

the finite adeles away from a finite set of places � of L. For a fractional ideal a, let â = a⊗ Ẑ. Let GL be the
absolute Galois group of L and GabL the maximal abelian quotient. Let recL : A×L → GabL be the geometrically
normalized reciprocity law.

We refer to an elliptic modular form as a modular form. For a modular form g, let its Fourier expansion
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g(q) at a cusp c be given by
g(q) =

∑
n≥0

an(g, c)qn.

2. Anticyclotomic toric periods

In this section, we describe a few generalities regarding anticyclotomic toric periods and their non-triviality
modulo p. The section is based on Hida’s approach in [17] and [19], as formulated in [22]. We give a slightly
different formulation and a mild strengthening.

Let the notations and hypotheses be as in the introduction. For a non-negative integer n, recall that HcNln is
the ring class field of K of conductor cNln. Let Rn = Z + cNlnO. We have an identification Pic(Rn) = Gn
such that aR̂n ∩ K ↔ recK(a)|HcNln . Let Un = C1 × (R̂n)× ⊂ C× ×A×K,f be a compact subgroup, where
C1 is the unit complex circle. Via the reciprocity law, we have the identification Gn = K×A×Q\A

×
K/Un. Let

[·]n : A×K → Gn be the quotient map and [a] = lim←−n[a]n ∈ Γl. For a ∈ A×K , let xn(a) be the CM point x([a]n)

in [22, §3.3]. In the notation of the introduction, x(σ) is the CM point xσcln along with a choice of p∞-level
structure. Let c(a) be the polarisation ideal of the CM point x0(a) in [22, §3.4].

Let K0 ⊂ GL2(AQ,f ) be an open compact subgroup and let Sk(K0, A) be the space of cusp forms of weight k
and level K0 over A, where A is Z(p)-algebra. Let V (K0, O) be the space of p-adic modular forms of level K
over O, where O is a finite flat Zp-algebra. For the geometric definitions, we refer to [18, §4.2]. In this article,
we also closely work with nearly holomorphic modular forms. For generalities, we refer to [33, §2].

Let λ be an arithmetic Hecke character and λ̂ its p-adic avatar. We recall that λ̂ : A×K,f/K
× → C×p is

given by
λ̂(x) = λ(x)x(j+κc(1−c))

p .

Here x ∈ A×K,f and λ is of infinity type (j + κc,−κc).

A p-adic modular form is a formal function on the Igusa tower (cf. [20, 7.2.4]). In particular, it is a function
of an isomorphism class of a pair consisting of a p-ordinary point on the underlying modular curve and a
p∞-level structure on the point.

Let g ∈ V (K0, O) such that the following condition holds:

(T) g(xn(ta)) = λ̂(a)−1g(xn(t)), where a ∈ UnA×Q.

We now define anticyclotomic toric periods of g (compare [17, §3.1 and §3.4]). For φ : Gn → Zp, let Pg,λ(φ, n)

be the Zp-valued toric period given by

(2.1) Pg,λ(φ, n) =
∑

[t]n∈Gn

φ([t]n)g(xn(t))λ̂(t).

In view of (T), the above expression is well defined. We remark that the toric period typically depends on n
and in general, the above definition may not give rise to a measure on Γl. Under additional hypothesis on g,
we can normalise the toric periods and thereby obtain a measure on Γl (cf. [17, §3.1 and §3.4]).

For the rest of the section, we now suppose that g is a p-integral nearly holomorphic modular form de-
fined over a number field.

To discuss the non-triviality of the toric periods modulo p, we introduce more notation. Let ∆l be the
torsion subgroup of Γl, Γalgl the subgroup of Γl generated by [a] for a ∈ (A

(lp)
K )× and ∆alg

l = Γalgl ∩∆l. Let
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R = {r} be a set of representatives of ∆alg
l in (A

(lp)
K )×. Let ρ : A×K ↪→ GL2(AQ) be the toric embedding and

ς ∈ GL2(A
(lp)
K ) as in [22, §3.1 and §3.2], respectively. For a ∈ (A

(lp)
K )×, let

(2.2) g|[a] = g|ρς(a), ρς(a) = ς−1ρ(a)ς.

For the definition of |[a] operator, we refer to [22, §2.6].

Let

(2.3) gR =
∑
r∈R

λ̂(r)g|[r].

We consider the following hypothesis.

(H) For every u ∈ Z prime to l and a positive integer r, there exists a positive integer β ≡ umod lr and
a ∈ A×K,f such that aβ(gR, c(a)) 6= 0mod mp.

We have the following result regarding the non-triviality of the toric periods modulo p.

Theorem 2.1. (Hida) Let the notations be as above. In addition to (ord), suppose that the hypothesis (H)
holds. Then, we have

Pg,λ(ν, n) 6= 0mod mp,

for all but finitely many ν ∈ Xl factoring through Gn (as n→∞, cf. [17, Thm. 3.2 and Thm 3.3]).

Proof. This follows from the proof of [17, Thm. 3.2 and Thm 3.3]). The argument shows the non-triviality
of the toric periods Pg,λ(ν, n) modulo p only under the hypothesis (H).

�

Remark. (1). In [17], Hida constructs a modular measure interpolating the normalised toric periods and
discusses the non-triviality of the measure modulo p. The hypothesis that g is an Ul-eigenform with the
corresponding eigenvalue being a p-unit is only needed in the construction of the modular measure. For the
sake of non-triviality of the toric periods alone, the hypothesis is not necessary. The author is grateful to Hida
for this key remark.

(2). As the theorem does not require the nearly holomorphic form to be an Ul-eigenform, it can be used
to slightly simplify the proof of (l, p)-non-triviality of L-values in [22] and [23].

(3). The Chai-Oort rigidity principle predicts that a Hecke stable subvariety of a mod p Shimura variety
is a Shimura subvariety. The principle has been studied by Chai in a series of articles (cf. [13], [14] and [15]).
The theorem crucially relies on the principle.

3. Non-triviality of p-adic Abel-Jacobi image modulo p

In this section, we prove the non-triviality of generalised Heegner cycles modulo p. For simplicity, we first
treat the case of Heegner points. In §3.1, we first state the p-adic Waldspurger formula and then prove the
non-triviality of the p-adic formal group logarithm of Heegner points modulo p (cf. Theorem A). In §3.2, we
describe generalities regarding generalised Heegner cycles and state conjectures regarding their non-triviality.
In §3.3, we prove the non-triviality of the p-adic Abel-Jacobi image of generalised Heegner cycles modulo p.
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3.1. Non-triviality I. In this subsection, we first state the p-adic Waldspurger formula and then prove the
non-triviality of the p-adic formal group logarithm of Heegner points modulo p (cf. Theorem A).

Let the notations and hypotheses be as in the introduction. In particular, f is a weight two Hecke-eigen
cuspform with Tp-eigenvalue ap(f) and χ a finite order Hecke character such that χNK ∈ Σcc(b,N, ε).

Let V and U be the Hecke operators on the space V (Γ0(N), O) as defined in [2, §3.8]. For g ∈ V (Γ0(N), O),
let g(p) be the p-depletion given by

(3.1) g(p) = g|(V U − UV ).

The Fourier expansion of g(p) at a cusp c is given by

(3.2) g(p)(q) =
∑
p-n

an(g, c)qn

(cf. [2, (3.8.4)]).

Recall that d denotes the Katz p-adic differential operator (cf. [24, Ch. II] and [20, Ch. I]). In view of
(3.2), it follows that d−1(g(p)) = limj→0 d

−1+j(g(p)) is a weight zero p-adic modular forms.

We have the following formula for the anticyclotomic toric periods of the weight zero p-adic modular form
d−1(f (p)).

Theorem 3.1. (Bertolini-Darmon-Prasanna) Under the notations and hypotheses as above, we have∑
σ∈Gb

χ−1(σ)d−1(f (p))(x(σ)) = (1− χ−1(p)p−1ap(f) + χ−2(p)ε(p)p−1) logωBf
(Pf (χ)).

Proof. This is proven in [2] and [3]. As the result is stated there in terms of a Rankin-Selberg p-adic
L-function, we give some details.

We first recall that

(3.3) Tp(f) = ap(f)f, 〈p〉(f) = ε(p)f.

Here 〈p〉 denotes the diamond operator associated with p.

Let Ff the Coleman primitive of the differential ωf associated with f (cf. [2, §3.7 and §3.8]). In view of
(3.3) and [2, Lem. 3.23 and Prop. 3.24], it follows that

(3.4) Ff (x(σ)) = d−1(f (p))(x(σ))− ε(p)ap(f)d−1(f (p))(p ∗ x(σ)) +
ε(p)

p
d−1(f (p))(p2 ∗ x(σ)).

From [2, Lem. 3.23] and [3, Thm. 3.12], we have

(3.5) Ff (x(σ)) = logωBf
(Φf (∆σ)).

Here the “ ∗ ”-action on the CM point is as in [2, (1.4.8)].

The summation of the above identity over σ ∈ Gb along with (3.5) and [2, Proof of Thm. 5.13] finishes
the proof.

�
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We now consider the variation of the above identity over the Zl-anticyclotomic extension of K. We fix a finite
order Hecke character η such that ηNK ∈ Σcc(c,N, ε), for some c. In what follows, we apply the formalism in
§2 to the pair (d−1(f (p)), η).

As d−1(f (p)) is a weight zero p-adic modular form, the hypothesis (T) holds and the toric periods are well
defined. As η is of finite order with conductor cNε, for φ : Gn → Zp we have

(3.6) Pd−1(f(p)),η(φ, n) =
∑

[t]n∈Gn

(φη)([t]n)d−1(f (p))(xn(t)).

We have the following formula for the toric periods.

Lemma 3.2. For ν ∈ Xl, we have

(3.7) Pd−1(f(p)),η(ν, n) = (1− (ην)−1(p)p−1ap(f) + (ην)−2(p)ε(p)p−1) logωBf
(Pf (ην)).

Proof. We first note that as ηNK ∈ Σcc(c,N, ε), it follows that ηνNK ∈ Σcc(clk,N, ε) for a non-negative
integer k. The lemma thus immediately follows from the previous theorem.

�

We are now ready to prove Theorem A (cf. §1).

Theorem 3.3. Let p be an odd prime and N a positive integer such that p - N . Let f ∈ S2(Γ0(N), ε) be a nor-
malised newform with Tp-eigenvalue ap(f) and η a finite order Hecke character such that ηNK ∈ Σcc(c,N, ε),
for some c prime to pN . In addition to the hypotheses (ord) and (Hg), suppose that

(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p -

∏
v|c− ∆η,v.

Let l 6= p be an odd prime unramified in K and prime to cN . Then, for all but finitely many ν ∈ Xl we
have

vp
(
E(f, ην) logωBf

(Pf (ην))
)

= 0.

Here E(f, ην) = 1− (ην)−1(p)ap(f)p−1 + (ην)−2(p)ε(p)p−1.

Proof. In view of Lemma 3.2, it suffices to prove the non-triviality of the toric periods modulo p. However,
Theorem 2.1 cannot be directly applied as d−1(f (p)) is not a nearly holomorphic modular form.

In view of the effect of the Katz p-adic differential operator on the q-expansion and the q-expansion prin-
ciple, we have

d(p−2)p(f (p)) ≡ d−1(f (p))mod mp

and
d(p−2)p(f (p)) ≡ d(p−2)p(f)mod mp.

It thus follows that ∑
[t]n∈Γn

φ([t]n)d(p−2)p(f)(xn(t))(N
(p−1)2

K η)(t)

≡
∑

[t]n∈Γn

φ([t]n)d−1(f (p))(xn(t))η(t)mod mp.
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As d(p−2)p(f) is nearly holomorphic of weight 2(p − 1)2, the pair (d(p−2)p(f), ηN
(p−1)2

K ) satisfies (T) and the
toric periods are well defined. The above congruence can now be rewritten as

(3.8) P
d(p−2)p(f),N

(p−1)2

K η
(φ, n) ≡ Pd−1(f(p)),η(φ, n)mod mp.

Now, we can and do apply Theorem 2.1 to the pair (d(p−2)p(f), ηN
(p−1)2

K ). It suffices to verify the following
hypothesis.

(H’) For every u ∈ Z prime to l and a positive integer r, there exists a positive integer β ≡ umod lr

and a ∈ A×K,f such that vp(aβ(d(p−2)p(f)R, c(a))) = 0.

Under the hypotheses (1)-(3), this is essentially verified in [23, §7.4]. We give a brief summary. In view
of [23, Lem. 7.2] and [22, Rem. 6.2], it suffices to verify (H’) for the toric form ϕ◦

ηN
(p−1)2

K

in [23, Rem.

3.15]. Based on the computation of local Fourier coefficients of the toric form in [23, §3.10], the hypothesis
(H’) can be verified as in the proof of [23, Thm. 6.2]. We refer to the proof of [23, Thm. 6.2] for related details.

In view of the congruence (3.8), this finishes the proof.

As the non-triviality of the p-adic formal group logarithm of a point implies the point being non-torsion,
“In particular" part of the Theorem follows.

�

Remark. The hypothesis on p being odd arises from the corresponding hypothesis in [17]. The hypotheses
(1)-(3) intervene only in the computation of the Fourier coefficients of the toric form. It is expected that the
hypothesis (2) could be removed. However, the hypotheses (1) and (3) are perhaps essential. We refer to the
introduction of [23] for a related discussion.

3.2. Generalised Heegner cycles. In this section, we describe basic setup regarding generalised Heegner
cycles.

3.2.1. Generalities. We briefly recall generalities regarding generalised Heegner cycles following [2, §2] and [4,
§4].

Unless otherwise stated, let the notations and hypotheses be as in the introduction.

Recall that X1(N) is the modular curve of level Γ1(N) and ∞ the standard cusp i∞. Here i is a chosen
square root of −1. Strictly speaking, the modular curve only exists as a Deligne-Mumford stack for N ≤ 3.
Let r be a non-negative integer. Let Wr be the r-fold Kuga-Sato variety over X1(N) constructed in [2, App.].
In other words, Wr is the canonical desingularisation of the r-fold self-product of the universal elliptic curve
over X1(N).

Let A be a CM elliptic curve with CM by O defined over the Hilbert class field H (cf. [2, §1.4]). Let d
be a positive integer prime to N . For an ideal class [a] ∈ Pic(OdN ) with a prime to N , let ϕa be the natural
isogeny

(3.9) ϕa : A→ Aa = A/A[a].
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Strictly speaking, the above definition of the CM elliptic curve Aa is correct only when d = 1 and a suitable
O-transform needs to be considered in the general case (cf. [2, §1.4]).

Let r1 and r2 be non-negative integers such that r1 ≥ r2 and r1 ≡ r2 mod 2. Let s and u be non-negative
integers such that

r1 + r2 = 2s and r1 − r2 = 2u.

Let Xr1,r2 be a r1 + r2 + 1-dimensional variety given by

Xr1,r2 = Wr1 ×Ar2 .

For an ideal a as above, we consider

(Aa ×A)r2 × (Aa ×Aa)u = (Ar1a ×Ar2) ⊂ Xr1,r2 .

The last inclusion arises from the embedding of Ar1a in Wr1 as a fiber of the natural projection Wr1 → X1(N).

Let Γa ∈ Z1(Aa × Aa) be the transpose of the graph of
√
−dK . Here

√
−dK is the square root of −dK

whose image under the complex embedding ι∞ has positive imaginary part. Let Γϕ,a ∈ Z1(Aa × A) be the
transpose of the graph of ϕa. Let

Γr1,r2,a = Γr2ϕ,a × Γua

and

(3.10) ∆r1,r2,a = εXr1,r2 (Γr1,r2,a) ∈ CHs+1(Xr1,r2 ⊗ L)0,Q.

Here εXr1,r2 is the idempotent in the ring of correspondences on Xr1,r2 defined in [4, §4.1] and L is the field
of definition of the cycle Γr1,r2,a. The idempotent has the effect of making the cycle null-homologous (cf. [4,
Prop. 4.1.1]). The notation CHs+1(Xr1,r2 ⊗ L)0,Q denotes the Chow group of homologically trivial cycles
over L of codimension s+ 1 with rational coefficients.

When r1 = r2 = r, we let Xr, Γr,a and ∆r,a denote Xr,r, Γr,r,a and ∆r,r,a, respectively.

When r1 is even and r2 = 0, the above cycles are nothing but the classical Heegner cycles (cf. [2, §2.4]).
Classical Heegner cycles were first investigated in [31] and [28].

When r = 0, the generalised Heegner cycle ∆0,a is a CM point on the modular curve X1(N). In this case, we
replace ∆0,a by ∆0,a −∞ to make it homologically trivial. Note that this preserves the field of definition of
the cycles as the ∞-cusp is defined over Q.

3.2.2. p-adic Abel-Jacobi map. We briefly recall generalities regarding a relevant p-adic Abel-Jacobi map fol-
lowing [2, §3]. For the dual exponential map, we also refer to [5].

Let the notations and hypotheses be as in §3.2.1. Let εX denote the idempotent εXr1,r2 .

Let F be a number field containing the Hilbert class field H. Let Vs be the p-adic Galois representation
of GF given by

Vs = H2s+1
ét (Xr1,r2 ×F Q,Qp).

Let AJ étF be the étale Abel-Jacobi map

(3.11) AJ étF : CHs+1(Xr1,r2 ⊗ F )0,Q → H1(F, εXVs(s+ 1))

due to S. Bloch (cf. [28] and [2, Def. 3.1]). The Bloch-Kato conjecture implies that the Qp-linearisation
AJ étF ⊗Qp is injective (cf. [28, (2.1)]).
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Let v be a place in F above p induced by the p-adic embedding ιp. We have the localisation map

locv : H1(F, εXVs(s+ 1))→ H1(Fv, εXVs(s+ 1))

in Galois cohomology.

In general, the localisation map need not be injective.

The image of the composition locv ◦AJ étF is contained in the Bloch-Kato subgroup H1
f (F, εXVs(s+1)) (cf. [28,

Thm. 3.1 (ii)] and [29]). In terms of the interpretation of the local cohomology as a group of extension classes,
the elements of the subgroup correspond to as crystalline extensions as εXVs(s+ 1) lets them to be.

In view of the Bloch-Kato logarithm map and de Rham Poincaré duality, we have a canonical isomorphism

(3.12) log : H1
f (Fv, εXVs(s+ 1)) ' (Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s))

∨

(cf. [2, §3.4]). Here Fil• is the Hodge filtration on εXH
2r+1
dR (Xr/Fv)(r) and (Filr+1εXH

2r+1
dR (Xr/Fv)(r))

∨

the dual arising from the Poincaré pairing.

The composition with the étale Abel-Jacobi map gives rise to the p-adic Abel-Jacobi map

(3.13) AJF : CHs+1(Xr1,r2 ⊗ F )0,Q → (Fils+1εXH
2s+1
dR (Xr1,r2 ⊗ Fv)(s))∨.

There does not seem to be a general conjecture regarding the image and kernel of the p-adic Abel-Jacobi map.
However,

(BBK) the Bloch-Beilinson and the Bloch-Kato conjectures suggest to investigate contexts where the Qp-
linearisation AJF ⊗Qp is an isomorphism or generically so (cf. [28, (2.1)]).

In general, the Qp-linearisation AJF ⊗ Qp need not be injective or surjective. For a relation of the non-
triviality of the p-adic Abel-Jacobi map to coniveau filtration and refined Bloch-Beilinson conjecture, we refer
to [4, §2].

For later purposes, we recall an explicit description of the middle step Fils+1εXH
2s+1
dR (Xr1,r2/Fv)(s) of the

Hodge filtration.

For a positive integer k ≥ 2, let Sk(Γ1(N), Fv) denote the space of cusp form of level Γ1(N) with coeffi-
cients in Fv. We have a canonical isomorphism

(3.14) Sr1+2(Γ1(N), Fv)⊗ Symr2 H1
dR(A/Fv) ' Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s),

essentially due to Scholl and it arises from

f ⊗ α 7→ ωf ∧ α.

Here ωf is the normalised differential associated with f ∈ Sr1+2(Γ1(N), Fv) defined in [2, Cor 2.3] and
α ∈ Symr2 H1

dR(A/Fv). We refer to [2, §2.2] for details.

The symmetric power Symr2 H1
dR(A/Fv) in turn has the following basis. Let ωA ∈ Ω1

A/Fv
be a non-zero

differential. Let ηA ∈ Ω1
A/Fv

be the corresponding element in [2, (1.4.2)]. It turns out that {ωA, ηA} is a basis
of Ω1

A/Fv
. Thus,

{
ωjAη

r2−j
A : 0 ≤ j ≤ r2

}
is a basis of Symr2 H1

dR(A/Fv).

For 0 ≤ j ≤ r2 and f varying over Hecke eigenforms in Sr1+2(Γ1(N), Fv), the wedge products{
ωf ∧ ωjAη

r2−j
A : f, 0 ≤ j ≤ r2

}
thus form a basis of Fils+1εXH

2s+1
dR (Xr1,r2/Fv)(s).
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3.2.3. Conjectures. We state conjectures regarding the non-triviality of generalised Heegner cycles and the
image under the étale and p-adic Abel-Jacobi map over anticyclotomic extensions of an imaginary quadratic
extension. These conjectures are essentially a compilation of the conjectures due to Mazur, Bloch-Beilinson
and Bloch-Kato. For the later conjectures, we refer to [26] and [5].

Let the notations and hypotheses be as in §3.2.1. In particular, N is a positive integer such that p - N .
For a positive integer k ≥ 2, let Sk(Γ0(N), ε) be the space of elliptic cusp forms of weight k, level Γ0(N) and
neben-character ε. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform. In particular, it is a Hecke eigenform
with respect to all Hecke operators. Let Nε|N be the conductor of ε. Let Nε|N be the unique ideal of norm
Nε. The existence follows from the generalised Heegner hypothesis (Hg).

Let N : A×Q/Q
× → C× be the norm Hecke character over Q given by

N(x) = ||x||.
Here || · || denotes the adelic norm. Let NK := N ◦NK

Q be the norm Hecke character over K for the relative
norm NK

Q . For a Hecke character λ : A×K/K
× → C× over K, let fλ (resp. ελ) denote its conductor (resp. the

restriction λ|A×Q) as before.

Let b be a positive integer prime to N . Let Σr1,r2(b,N, ε) be the set of Hecke characters λ such that:

(C1) λ is of of infinity type (j1, j2) with j1 + j2 = r2 and ελ = εNr2 ,
(C2) fλ = b ·Nε and
(C3) The local root number εq(f, λ−1N−uK ) = 1, for all finite primes q.

Let Σ(2)
r1,r2(b,N, ε) be the subset of Σr1,r2(b,N, ε) whose elements have infinity type (r2 + 1 − j, 1 + j) for

some 0 ≤ j ≤ r2.

Let χ ∈ Σ(2)
r1,r2(b,N, ε) with infinity type (r2 + 1− j, 1 + j) for some 0 ≤ j ≤ r2.

Let Mf (resp. Mχ−1) be the Grothendieck motive associated with f (resp. χ−1). By the Künneth for-
mula, the motive Hs+1(Xr1,r2) ⊗ L contains Mf ⊗Mχ−1 as a submotive for a sufficiently large number field
L. For a minimal choice of L, we refer to [4, §4.2]. Let πf,χ be the projector defining the submotive (cf. [31]).

Let Sb be a set of representatives for Pic(ObN ) consisting of ideals prime to N . We now regard χ as an
ideal Hecke character. Let Hχ be the abelian extension of H generated by the values of χ on Sb. In particular,
the extension Hχ depends on the choice of Sb. Let v = vχ be the place above p in Hχ induced via the p-adic
embedding ιp.

Let

(3.15) ∆χ =
∑

[a]∈Sb

χ−1(a)N(a)∆ϕa
∈ CHs+1(Xr1,r2 ⊗Hχ)0,Q ⊗ L.

The cycle depends on the choice of representatives Sb. Moreover, it is defined over the extension Hχ by the
definition.

Definition 3.4. The generalised Heegner cycle ∆f,χ associated with the pair (f, χ) is given by

∆f,χ = πf,χ(∆χ).

The generalised Heegner cycle is independent of the choice of representatives Sb at least up to a cycle in the
kernel of the complex Abel-Jacobi map (cf. [4, Rem. 4.2.4]).
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We consider the non-triviality of the cycles ∆f,χ, as χ varies.

Under the hypotheses (C1)-(C3), the Rankin-Selberg L-function L(f, χ−1N−uK , s) is self-dual with root number
−1. The Bloch-Beilinson conjecture accordingly implies the existence of a non-torsion homologically trivial
cycle in the Chow realisation of the motiveMf ⊗Mχ−1N−uK

. Perhaps, a natural candidate is the cycle ∆f,χNu
K
.

There exists an algebraic correspondence from Xr1 to Xr1,r2 mapping the cycle ∆f,χNu
K

to the ∆f,χ (cf. [4,
Prop. 4.1.1]). One can thus expect a generic non-triviality of the cycles ∆f,χ, as χ varies.

Based on Mazur’s consideration in the case of weight two (cf. [26]), an Iwasawa theoretic family of the cycles
arises as follows. We first fix a Hecke character η ∈ Σ(2)

r1,r2(c,N, ε), for some c prime to N . Let l be an odd
prime unramified in K and prime to cN . Let HcNl∞ =

⋃
n≥0HcNln be the ring class field of conductor cNl∞.

Let K∞ ⊂ HcNl∞ be the anticyclotomic Zl-extension of K. Let Gn = Gal(HcNln/K) and Γl = lim←−Gn. Let Xl
be the subgroup of all characters of finite order of the group Gal(K∞/K) ' Zl. As ν ∈ Xl varies, we consider
the non-triviality of the generalised Heegner cycles ∆f,ην .

Conjecture A. Let the notation be as above. Let f ∈ Sr1+2
(Γ0(N), ε) be a normalised newform and η

a Hecke character such that η ∈ Σ
(2)
r1,r2(c,N, ε), for some c prime to N . Suppose that the hypothesis (Hg)

holds. Then, for all but finitely many ν ∈ Xl we have

∆f,ην 6= 0.

We also consider the non-triviality of the generalised Heegner cycles under the étale Abel-Jacobi map.

Recall that p is an odd prime prime to N . Let Mf,ét (resp. Mχ−1,ét) be the p-adic étale realisation of
the motive Mf (resp. Mχ−1). We accordingly have

AJHην ,ét(∆f,χ) ∈ H1(Hην , εX(Mf,ét ⊗Mχ−1)).

Conjecture B. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and η a
Hecke character such that η ∈ Σ(2)

r1,r2(c,N, ε), for some c prime to N . Suppose that the hypotheses (ord) and
(Hg) hold. Then, for all but finitely many ν ∈ Xl we have

AJHην ,ét(∆f,ην) 6= 0.

We finally consider the non-triviality of the generalised Heegner cycles under the p-adic Abel-Jacobi map.

We first recall that the Bloch-Kato subgroup H1
f (Hην,v, εX(Mf,ét ⊗Mχ−1)) is one-dimensional over Hην,v.

Moreover, under the Bloch-Kato logarithm map the corresponding basis is given by ωf ∧ ωjAη
r2−j
A .

Conjecture C. Let the notation be as above. Let f ∈ Sr1+2
(Γ0(N), ε) be a normalised newform and η

a Hecke character such that η ∈ Σ(2)
r1,r2(c,N, ε), for some c prime to N . Suppose that the hypotheses (ord)

and (Hg) hold. Then, for all but finitely many ν ∈ Xl we have

AJHην (∆f,ην)(ωf ∧ ωjAη
r2−j
A ) 6= 0.

Conjecture C (resp. Conjecture B) evidently implies Conjecture B (resp. Conjecture A).

We remind that Conjecture C supports the Bloch-Beilinson and the Bloch-Kato conjecture (cf. (BBK)).
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As a refinement of Conjecture C, we can ask for a generic mod p non-vanishing of normalised p-adic Abel-
Jacobi image. We do not precisely formulate the refinement. In this article, we instead describe results towards
the refinement.

3.3. Non-triviality II. In this subsection, we prove the non-triviality of the p-adic Abel-Jacobi image of
generalised Heegner cycles modulo p (cf. Conjecture C). As the proofs are quite similar to the ones in §3.1,
we skip some details.

Unless otherwise stated, let the notations and hypotheses be as in §3.2. In particular, f is a normalised
newform of weight k ≥ 2, level Γ0(N) and η a Hecke character over K. We consider the non-triviality of the
p-adic Abel-Jacobi image of generalised Heegner cycles ∆f,ην as ν ∈ Xl varies.

In the residually non CM case, our result towards a refinement of Conjecture C is the following.

Theorem 3.5. Let the notation be as above. Let f ∈ Sr1+2(Γ0(N), ε) be a normalised newform and η ∈
Σr1,r2(c,N, ε) a Hecke character of infinity type (r2 + 1− j, 1 + j), for some c prime to N and 0 ≤ j ≤ r2. In
addition to the hypotheses (ord) and (Hg) hold, suppose that

(1). The residual representation ρf |GK mod mp is absolutely irreducible,
(2). N− is square-free and
(3). p -

∏
v|c− ∆η,v.

Then, for all but finitely many ν ∈ Xl (as n→∞)

vp

(
Ep(f, ηνNu

K)

j!
AJHην (∆f,ην)(ωf ∧ ωjAη

r−j
A )

)
= 0,

where Ep(f, ηνNu
K) = 1− (ηνNu

K)−1(p)ap(f) + (ηνNu
K)−2(p)ε(p)pr2+1.

Proof. In view of [4, Prop. 4.1.2], it suffices to restrict to the case r1 = r2 = r.

Let f (p) be the p-depletion of the f as in (3.1). The pair (d−1−j(f (p)), ηN−1−j
K ) satisfies the hypothesis

(T) and the toric periods are well defined.

The toric period is given by

(3.16) Pd−1−j(f(p)),ηN−1−j
K

(ν, n) =
Ep(f, ην)

j!

∑
[a]∈Γn

(ην)−1(a)NK(a) ·AJF (∆ϕaϕ0
)(ωf ∧ ωjAη

r−j
A ).

This is again due to Bertolini-Darmon-Prasanna and the proof is similar to that of Lemma 3.2.

For the non-triviality of these toric periods modulo p, we again first find a pair whose toric periods are
congruent modulo p to the periods of interest and such that Theorem 2.1 can be applied to the new pair.

We choose the pair to be (dm(p−2)p−j(f), ηN
m(p−2)p−j
K ), where m is a positive integer such that p − 1 di-

vides m(p− 2)p+ 1 and k + 2m(p− 2)p− 2j ≥ 2. As in the proof of Theorem 3.3, we have

(3.17) P
dm(p−2)p−j(f),ηN

m(p−2)p−j
K

(φ, n) ≡ Pd−1−j(f(p)),ηN−1−j
K

(φ, n)mod mp.

The non-triviality hypothesis (H) can be verified for the pair in the way as in the proof of Theorem 3.3.
�
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Remark. (1). In view of [4, §2.3], it follows that the generalised Heegner cycles are non-trivial in the top graded
piece of the coniveau filtration on the middle-codimensional Chow group of Xr1,r2 over the Zl-anticyclotomic
extension of K. The non-triviality is thus an evidence for the refined Bloch-Beilinson conjecture (cf. [4, §2]).

(2). In [21], Howard proved an analogous non-triviality of the étale Abel-Jacobi image of classical Heegner
cycles for infinitely many ν ∈ Xl (cf. Conjecture B). The approach is a cohomological adoption of Cornut’s
approach (cf. [11]).

(3). It seems likely that the above approach would also work for the case when f has CM over K.

(4). An analogous non-triviality in the case l = p follows from the results in [10] and [23] (cf. [9, §4.3]).

4. p-indivisibility of Heegner points

In this section, we prove the p-indivisibility of the Heegner points over the Zl-anticyclotomic extension of
K when the weight two Hecke-eigen cuspform is p-ordinary. This is a rather straightforward consequence of
Theorem A.

Let the notations and hypotheses be as in the introduction. In particular, p is a prime above p in K in-
duced by the p-adic embedding ιp. Let pn be a prime above p in KcNln induced by ιp. Let Kn/Qp denote the
p-adic local field KcNln,pn and On the integer ring. By defintion, Kn/Qp is an unramified extension.

Let f be a p-ordinary Hecke-eigen cuspform as in the introduction. It follows that the corresponding abelian
variety Bf is p-ordinary and extends as an abelian scheme over On.

Our result regarding the p-indivisibility of the Heegner points is as follows.

Theorem 4.1. Let the notation be as above. Suppose that f is p-ordinary, (ord) and (Hg) holds. Then, there
exists a positive integer n0 such that for all integers n ≥ n0, the Heegner points Φf (∆cln) are p-indivisible in
the Mordell-Weil group Bf (Kn).

Proof. As Bf is p-ordinary and Kn/Qp is unramified, it follows that for a non-torsion P ∈ Bf (Kn), we
have vp(logωBf

(P )) ≥ 1.

In view of Theorem A, there exists an integer n0 such that for all integers n ≥ n0, the Heegner points
Φf (∆cln) are non-torsion. This finishes the proof.

�

Remark. In [16], arithmetic applications of the p-indivisibility of the Heegner point defined over the imaginary
quadratic extension K are considered under different hypothesis including the prime l being inert in K. It
seems likely that Theorem 4.1 also has similar arithmetic applications.
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