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Abstract. Let F/Q be a totally real field and π a cuspidal automorphic representation of GL2(AF ). Let
K/F be a CM quadratic extension and χ a Hecke character over K such that the Rankin-Selberg convolution
of π with the θ-series associated to χ is self-dual with root number 1. We consider the non-vanishing of
Rankin-Selberg central L-values L( 1

2
, π ⊗ χ) as χ varies over Hecke characters with fixed infinity type and

bounded conductor. We survey results on the number of non-vanishing twists as K varies over CM quadratic
extensions of F .
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1. Introduction

For a self-dual family of automorphic representations with root number 1, the central L-values are generically
expected to be non-vanishing. A central L-value can often be expressed as a period of an automorphic form
over a cycle in a symmetric domain. For several families, the automorphic form remains unchanged and the
cycles vary in a prescribed manner. The non-vanishing is then often related to distribution of the cycles.

An instructive set up arises from a self-dual Rankin-Selberg convolution of a cuspidal automorphic repre-
sentation of GL2 over a totally real field and a Hecke character over a CM quadratic extension of the totally
real field with root number 1. The convolutions arising from Hecke characters with fixed infinity type and
bounded conductor gives rise to a family alluded to. Strictly speaking, we consider Hecke characters with
prescribed local behaviour at finitely many places. The number of such Hecke characters with the correspond-
ing central L-value non-vanishing is expected to grow with the absolute value of the discriminant of the CM
extension. This is an instance of horizontal variation.

In the last decade, the question has been approached via analytic/ ergodic methods. Recently, an auto-
morphic/ geometric method was found. We survey several results and methods on the generic non-vanishing
of the central L-values.

When the Hecke character is of finite order, the horizontal non-vanishing has been considered in the lit-
erature. The results show quantitative non-vanishing. An approach due to Michel-Venkatesh is analytic/
ergodic. It relies on explicit Waldspurger formula, equidistribution of well chosen CM points on a definite
Shimura variety and subconvex bound for the Rankin-Selberg L-values. The equidistribution in turn relies on
subconvex bounds. For exposition, we closely follow the original articles.
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The recent results concern the case when the weight of the Hecke character is at least the weight of the
automorphic representation. The results show that the number of non-vanishing twists increases with the
absolute value of the discriminant of the CM extension. The approach is automorphic/ geometric. It relies on
Waldspurger formula and Zariski density of well chosen CM points on self-products of a quaternionic Shimura
variety. The latter crucially relies on the recent proof of the André-Oort conjecture for abelian type Shimura
varieties. The approach constitutes joint work with H. Hida and Y. Tian.

We were partly motivated by the Michel-Venkatesh approach in [18]. A comparison of this approach and
the recent one seems suggestive.

Since the early 90’s, horizontal non-vanishing has been considered in different situations. It has been ap-
proached with strikingly different viewpoints. In this survey, we restrict to the above set up and basically
consider the two approaches alluded to. For other instructive considerations, we refer to [18], [19], [16], [23]
and references therein. The survey is not exhaustive even in this regard. For example, we do not discuss
arithmetic applications of the non-vanishing. For some of the applications, we refer to [2] and [7].

We have tried to keep the exposition informal. For background and precise treatment, we refer to the original
articles.

The article is organised as follows. In §2, we describe a conjecture on the horizontal non-vanishing of Rankin-
Selberg central L-values. In §3, we describe an analytic/ ergodic approach for the non-vanishing in a certain
range. In §4, we describe the recent automorphic/ geometric approach in the complementary range. In §5, we
end with remarks on striking similarities between the approach in §3 and §4.

Acknowledgments. We are grateful Ye Tian and Yangbo Ye for organising the workshop and very warm hos-
pitality. We are also grateful to them for giving us an opportunity to write this article. The topic is based on
joint work Haruzo Hida and Ye Tian. We are indebted to them for numerous suggestions and encouragement.
We are grateful to Valentin Blomer, Henri Darmon, Mahesh Kakde, Chandrashekhar Khare and Nicolas Tem-
plier for stimulating conversations/ correspondence about the topic. Finally, we thank the referee for helpful
comments.

Notation We use the following notation unless otherwise stated.

For sets S and T , let TS denote the product of copies of T indexed by S.

For a number field L, let OL be the integer ring. Let hL be the class number and DL the discriminant.
Let AL be the adele ring and AL,f the finite adeles of L. Let ÔL = OL ⊗ Ẑ and Ô(c)

L the prime to c part.

2. Generic non-vanishing

In this section, we describe a conjecture on the generic non-vanishing of Rankin-Selberg L-values.

Let ι∞ : Q→ C be an embedding.

Let F be a totally real number field, I the set of infinite places and A the ring of adeles. Let π be a
cuspidal automorphic representation of GL2(A) with conductor n and unitary central character ω. We sup-
pose that π∞ is a discrete series for GL2(F∞) of weight (kv)v|∞ with the same parity.

Let S be a finite set of places of F containing all archimedean places and the finite places dividing n. Let
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FS denote the product of corresponding local completions. For each v ∈ S, let K0,v/Fv be an étale quadratic
extension with K0,v

∼= C for v ∈ I. Let ηv the corresponding quadratic character on F×v . Let S0 ⊂ S be the
subset consisting of v with K0,v split and S1 the complement.

Let K0,S =
∏
v∈S K0,v and

U0,S =
∏
v∈S0

O×K0,v
×
∏
v∈S1

K×0,v.

Suppose we are given a character χ0,S : U0,S → C× such that
(S1) χ0,S · ωS = 1 on F×S ∩ U0,S .
(S2) χ0,S(u) = 1 for all units u in F .

Let K/F be a CM quadratic extension such that for all v ∈ S, Kv
∼= K0,v. The existence follows from the

finiteness of S. We fix these isomorphisms and identify Kv with K0,v. Let ΘS be the collection of all such
CM quadratic extensions.

Let c denote the complex conjugation on C which induces the unique non-trivial element of Gal(K/F ) via the
embedding ι∞. Let Σ be a CM type of K. We often identify Σ with I.

For K ∈ ΘS , let XK,S denote the group of Hecke characters χ : K×\K×A → C× such that
(C1) ω · χ|A× = 1,
(C2) χ|U0,S

= χ0,S and
(C3) χ is unramified outside S.

Note that the infinity type of χ ∈ XK,S is determined by (C2) and consequently constant for given K ∈ ΘS .
Upon the identification of Σ with I, the infinity type is in fact independent of K ∈ ΘS .

Regarding the existence of Hecke characters satisfying (C1)-(C3), we have the following.

Lemma 2.1. For all but finitely many K ∈ ΘS, we have XK,S 6= ∅. Let K ∈ ΘS with XK,S 6= ∅. Then, the
set XK,S is a homogenous space of the relative ideal class group PicSK/F given by

PicSK/F = A×K/K
×A×Ô×K F̂

×
∏
v∈S1

K×v .

For χ ∈ XK,S , we consider the Rankin-Selberg convolution L(s, π, χ). In view of (C1), the convolution is
self-dual. Generically, the vanishing/ non-vanishing of the central L-values is conjectured to be controlled by
the root number.

Conjecture 1. Let F be totally real, A the ring of adeles and π a cuspidal automorphic representation of
GL2(A) with conductor n. Let S be a finite set of places of F containing all archimedean places and the finite
places dividing n. Let S1 ⊂ S be the set of places v|n∞ and K0,v non-split. For U0,S as above, let χ0,S be a
character of U0,S. For i = 0 or 1, suppose that∏

v∈S1

ε(1/2, πv, χ0,v)χ0,vηv(−1) = (−1)i.

For any 0 < ε < 1/2 and K ∈ ΘS, we have

#
{
χ ∈ XK,S

∣∣∣ L(i)(1/2, π, χ) 6= 0
}
�ε,π |DK |ε.

For Θ ⊂ ΘS infinite, in particular

lim
K∈Θ

#
{
χ ∈ XK,S

∣∣∣ L(i)(1/2, π, χ) 6= 0
}

=∞.
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The case when i = 0 (resp. i = 1) is usually referred as the rank zero (resp. rank one) case. In this article,
we essentially consider the rank zero case.

Remark. (1). In view of the root number condition on (πS0
, χ0,S0

), it follows that the root number of the
Rankin-Selberg convolution for the pairs (π, χ) with χ ∈ XK,S is also (−1)i. The conjecture thus concerns
non-vanishing along a self-dual family with fixed root number.

(2). For any 0 < δ < 1/2, from the Brauer-Siegel lower bound

|XK,S | �δ,S |DK |1/2−δ

(cf. Lemma 2.1 and [3]). The conjecture thus predicts the non-vanishing for a constant proportion of twists.
Even the growth in the number of non-vanishing twists with the discriminant is non-trivial.

(3). The conjecture does not seem to be explicitly stated in the literature. Nevertheless, it follows from
folklore conjectures on the non-vanishing in self-dual families.

3. Non-vanishing I

In this section, we describe analytic/ ergodic approach to the horizontal non-vanishing after Mitchel-Venkatesh
in the rank zero case for a class of Rankin-Selberg convolutions.

The approach due to Mitchel-Venkatesh at least goes back to 2005.

Unless otherwise stated, let the notation and assumptions be as in §2. For simplicity, we restrict to the
case treated in [18, §2.4] and [19, §3]. We closely follow the exposition in these articles. In the articles, the
results are stated in the case F = Q.

We first state the result.

Theorem 3.1. Let π be a cuspidal automorphic representation of GL2(A) with weight two and trivial central
character. Suppose that π is generated by a Hecke eigen newform f ∈ S2(Γ0(q))new with q prime. Let K/Q
be an imaginary quadratic extension with q inert. For any 0 < ε < 1/1100, we have

#
{
χ ∈ ĈlK

∣∣∣ L(1/2, π, χ) 6= 0
}
�ε,π |DK |ε.

Here ClK denotes the class group of K and ĈlK the corresponding character group. As π has trivial central
character and q is inert in K, the Rankin-Selberg convolution L(s, π, χ) is self-dual with root number 1 for
χ ∈ ĈlK (cf. (C1)). The theorem is thus an evidence towards quantitative form of Conjecture 1 for weight two
automorphic representations with trivial central character and unramified Hecke characters with finite order.

We now describe the strategy.

In view of the Waldspurger formula, the central L-value can be essentially expressed as a toric period of
the Jacquet-Langlands transfer of the newform to a definite quaternion algebra. The expression is a starting
point in the approach. In this manner, a definite quaternion algebra turns out to be an underlying object
although the statement of the theorem does not explicitly allude to one. Roughly, the approach consists of
the following steps.
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Jacquet-Langlands transfer : Let B be a quaternion algebra over Q ramified at the primes {q,∞}. Let
Oq be a maximal order and S the set of classes of left ideals of Oq. In particular, S is finite. We recall that S
is not a Shimura variety. However, it behaves like one and is often referred as a Hida variety. For s ∈ S with
the corresponding ideal I, let

Rs =
{
λ ∈ B

∣∣∣Iλ ⊂ I}
be a right maximal order.

Let ws = #R×s /2. Let ν be a measure on S such that s has mass 1/ws. Note that ν/ν(S) is a proba-
bility measure. We define a norm || · || on the space of C-valued functions on S via

〈g, h〉B =

∫
S

ghdν.

Let SB2 (q) be the orthogonal complement of the constant functions. This turns out to be the relevant space
for relevant automorphic considerations as follows.

Let T(q) be the underlying Hecke algebra generated by Hecke operators Tp for primes p 6= q. Note that
we have a natural action of T(q) on the space of weight two modular forms S2(Γ0(q)) on GL2. In view of the
Jacquet-Langlands corresponds, we have an isomorphism

SB2 (q) ∼= S2(Γ0(q))new

of T(q)-modules.

Let f ∈ S2(Γ0(q))new with Tp-eigenvalue ap(f) for primes p 6= q. Via the above isomorphism, let fB ∈ SB2 (q)
be the normalised Jacuqet-Langlands transfer such that

Tp(fB) = ap(f) · fB
and

||fB || = 1.

Explicit Waldspurger formula : As before, let K/Q be an imaginary quadratic extension with q inert. This
implies the existence of an embedding ι : K ↪→ B. An optimal embedding is chosen in what follows.

For σ ∈ ClK , we accordingly have a special point xσ ∈ S (cf. [8, §3.6]). This is an analogue of CM points on a
Shimura variety. The Waldspurger formula relates the values of the Jacquet-Langlands transfer fB at special
points arising from ClK to the central L-value.

Let PfB (χ) be the toric period given by

PfB (χ) =
∑

σ∈ClK,S

χ(σ)fB(xσ).

Under our hypotheses,

(3.1) L(1/2, π, χ) = cK

∣∣∣∣PfB (χ)

∣∣∣∣2
for

cK =
〈f, f〉

u2
√
|DK |

.

Here 〈·, ·〉 denotes the Petersson inner product on GL2 and u the number of units in the integer ring OK .

In the above form, the formula is due to Gross independently (cf. [8, Prop. 11.2]). The original Waldspurger
formula is rather general and relates the toric period on a quaternionic Shimura variety to a Rankin-Selberg
central L-value up to a non-zero constant (cf. [28]).
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Equidistribution of Special Points : To approach non-vanishing in a family, a standard approach in Ana-
lytic Number Theory is to estimate the average. In practice, period formulas often relate average estimates to
equidistribution questions.

From the Waldspurger formula, we have∑
χ∈ĈlK

L(1/2, π, χ) = uKhK
∑
σ∈ClK

∣∣∣∣fB(xσ)

∣∣∣∣2.
By a result of Iwaniec (cf. [14]), the special points{

xσ

∣∣∣σ ∈ ClK

}
⊂ S

become equidistributed on S with respect to the probability measure ν/ν(S) as |DK | → ∞. For a refinement,
we refer to [17]. In this approach, the equidistribution is a consequence of subconvex bound for a class of
Rankin-Selberg convolutions (cf. (3.4)) and explicit Waldspurger formula. For a brief exposition of Iwaniec’s
original approach, we refer to [18, §2.1].

From the equidistribution, we conclude

(3.2) h−1
K

∑
σ∈ClK

∣∣∣∣fB(xσ)

∣∣∣∣2 = (1 + oq(1))ν(S)−1 ·
∫
S

|fB |2dν.

For any 0 < ε < 1/2, the Brauer-Siegel lower bound thus implies

(3.3)
∑
χ∈ĈlK

L(1/2, π, χ)�ε,π |DK |1/2−ε.

We thus obtain a lower bound on the average. In particular, the lower bound implies the existence of at least
one non-vanishing twist for any sufficiently large discriminant.

Subconvex Bound : In view of the lower bound for the average (cf. (3.3)), a suitable upper bound for in-
dividual central L-values would imply quantitative non-vanishing. Subconvex bound for the central L-values
turns out to be enough.

For any 0 < ε < 1/1100, Mitchel has proven the subconvex bound

(3.4) L(1/2, π, χ)�π |DK |1/2−ε

(cf. [17]). For an overview of the strategy, we refer to [17, Intro.].

In view of (3.3), this finishes the proof of Theorem 3.1.

Remark. (1). To deduce the growth in the number of non-vanishing twists, the use of subconvex bound seems
essential in the approach. For example, the growth does not seem to follow from the convex bound.

(2). The assumption on the weight and the level is for technical simplification. The argument also works
over totally real fields. However, the twists being of finite order is essential to transfer the analysis to a
definite quaternion algebra.

(3). An analogous argument holds for weight 0 Hecke eigen Maass forms. The underlying geometric ob-
ject is a modular curve and the equidistribution is for the CM points arising from the varying ideal classes.
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4. Non-vanishing II

In this section, we describe a recent geometric approach to the horizontal non-vanishing in rank zero case for
a class of Rankin-Selberg convolutions.

The approach was found around the later part of 2015 and constitutes joint work with H. Hida and Y.
Tian (cf. [4] and [5]).

Unless otherwise stated, let the notation and assumptions be as in §2. We first state the result.

Theorem 4.1. Let F be totally real, A the ring of adeles and π a cuspidal automorphic representation of
GL2(A) with conductor n. Let S be a finite set of places of F containing all archimedean places and the finite
places dividing n. Let S1 ⊂ S be the set of places v|n∞ and K0,v non-split. For U0,S as before, let χ0,S be a
character of U0,S. Suppose that ∏

v∈S1

ε(1/2, πv, χ0,v)χ0,vηv(−1) = 1.

For Θ ⊂ ΘS infinite, we have

lim
K∈Θ

#
{
χ ∈ XK,S

∣∣∣ L(1/2, π, χ) 6= 0
}

=∞.

The theorem is an evidence towards non-quantitative version of Conjecture 1. Note that we allow general
infinity type for Hecke characters in XK,S . More specifically, our approach allows the case the weight of Hecke
characters being at least the weight of the cuspidal automorphic representation.

We now describe the approach. For simplicity of exposition, we restrict to the case F = Q.

Recall that ι∞ : Q → C is an embedding. For K/Q imaginary quadratic, let Σ be a CM type. In other
words, it is a chosen embedding K ↪→ C. As before, c denote the complex conjugation on C which induces
the unique non-trivial element of Gal(K/Q) via the embedding ι∞.

Let π be a cuspidal automorphic representation with weight k ≥ 2 and central character ω. Recall that
the infinity type of Hecke characters in XK,S is constant. We consider the case when XK,S consists of Hecke
characters with a fixed infinity type kΣ + κ(1− c). Here κ ∈ Z≥0[Σ] is independent of K. We also consider κ
as an integer via reading off the coefficient of Σ. Note that the weight of the Hecke characters is at least the
weight of the automorphic representation.

In view of the Waldspurger formula, the central L-value can be essentially expressed as a toric period of
a well chosen test vector on the modular curve X1(N) for a suitable N . The expression is a starting point in
the approach. The test vector is a nearly holomorphic form on X1(N). Roughly, the approach consists of the
following steps.

Test vector : Dependent on the initial local data corresponding to the places in S, we choose a test vec-
tor relevant to the horizontal variation based on the strategy in [6].

For each v ∈ S, we fix an embedding iv : K×0,v ↪→ GL2(Qv). Recall that χ0,S : U0,S → C× is an initial
character. We show the existence of a form f ∈ π and a non-zero ideal c of Z, such that for each K ∈ Θ,
there exists an embedding iK : A×K ↪→ GL2(A) compatible with iv for all v ∈ S. Moreover, the following holds.

(T1) f is χ0,S-invariant under the action of
∏
v∈S0

O×Kv
×
∏
v∈S1

K×v ,
(T2) f is a test vector of a non-zero linear function in HomA×

K
(π, χ) with respect to iK for all χ ∈ XK,S .
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(T3) iK(UK,S) ⊂ U for UK,S := (Ô(c)
K )×

∏
v|c(1 + cOKv ) · Uω and Uω := Ker(ω

∣∣
Ẑ× : Ẑ× → C×).

The existence is shown via a well chosen choice of sections at local places. Note that f is non-constant and
not necessarily a Hecke eigenform. By construction, f is a nearly holomorphic modular forms of weight k+ 2κ
on X1(N) for N divisible by the conductor of π and the primes in S. In view of the geometric theory of
nearly holomorphic forms (cf. [9], [10], [13] and [26]), f admits a geometric interpretation. In particular, it is
a non-constant section of a vector bundle on X1(N) under the Zariski topology.

Waldspurger Formula : Let K ∈ Θ and UK,S as above, let

ClK,S = A×K/K
×UK,S .

For σ ∈ ClK,S , we have a CM point xσ ∈ X1(N) arising from of the embedding ιK (cf. [12, §4.4]). The
Waldspurger formula relates the values of the test vector f at CM points arising from the ideal classes in
ClK,S to the central L-value.

Let Pf (χ) be the toric period given by

Pf (χ) =
∑

σ∈ClK,S

χ(σ)f(xσ).

Under our hypotheses,

(4.1) L(1/2, f, χ) = cK,χ
∣∣Pf (χ)

∣∣2
for a non-zero constant cK,χ. An explicit form of the constant is not necessary in the approach.

Fourier Analysis : From now, we choose χK ∈ XK,S . We then have

XK,S = χKĈlK,S

(cf. Lemma 2.1). In other words, χK amounts to choose a base point.

Note that
σ 7→ f(xσ)χK(σ)

is a well defined function on the abelian group ClK,S . The toric periods Pf (χ) are nothing but the Fourier
coefficients of the function.

The non-triviality of the central L-values is thus related to the non-triviality of the function. Note that
the function depends on the imaginary quadratic extension K/Q. We would like to show that the number of
non-vanishing Fourier coefficients increases with the discriminant of K.

Suppose that there exists an integer ` ≥ 1 such that exactly ` − 1 of the toric periods are non-zero, for
all K ∈ Θ with sufficiently large discriminant. To get started, we formulate this as a condition on a function
independent of K. In view of the assumption, an elementary argument based on the Fourier inversion shows
that

(4.2) det

(
f(xσiτj )

)
1≤i,j≤`

= 0

for any σi, τj ∈ ClK,S .

Zariski density of CM Points : We now consider the function f` on the self-product X1(N)`
2

given by

(4.3)
(
xi,j
)

1≤i,j≤l 7→ det

(
f(xi,j)

)
1≤i,j≤l

.

As f is non-constant, f` can be readily seen to be a non-constant function.
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In view of (4.2), the function f` vanishes on the collection Ξ` ⊂ X1(N)`
2

of CM points given by

Ξ` =
{

(xσiτj )1≤i,j≤`

∣∣∣ K ∈ Θ;σi, τj ∈ ClK,S

}
.

Note that Ξ` is an infinite set of CM points on the self-product X1(N)`
2

of the modular curve. In fact, these
CM points turn out to be Zariski dense in the self-product X1(N)`

2

. As f` is non-constant and admits sheaf
theoretic interpretation in the Zariski topology, the Zariski density finishes the proof of Theorem 4.1.

We establish the Zariski density based on the André-Oort conjecture and CM theory. In [20], Pila has proven
the André-Oort conjecture for arbitrary self-products of the modular curve. We conclude that the Zariski
closure of Ξ` is a union of special subvarieties of the self-product. At least one special subvariety needs to be
of positive dimension. Now, we have an explicit list of special subvarieties of the self-product (cf. [4, Prop.
2.3]). Based on CM theory and Brauer-Siegel lower bound, it can be seen that the only possibility for the
subvariety of positive dimensional subvariety is an irreducible component of X1(N)`

2

. By CM theory, Ξ` also
covers each irreducible component of X1(N)`

2

.

As the Zariski topology on the self-product is not the product topology, the Zariski density on the self-
product is not simply a consequence of Zariski density on a single copy.

Remark. (1). The argument goes through over totally real fields. The weight of the automorphic representa-
tion and the infinity type of Hecke characters in XK,S determines a underlying quaternionic Shimura variety.
The non-vanishing is then related to the Zariski density of well chosen CM points on arbitrary self-products. In
view of the recent results of Tsimerman (cf. [25]), Yuan-Zhang (cf. [29]) and Andreatta-Goren-Howard-Pera
(cf. [1]), the the André-Oort conjecture now holds for abelian type Shimura varieties. It can be used along
with CM theory to establish the Zariski density.

(2). Note that the non-vanishing for a single twist follows from the Zariski density in a single copy of the
quaternionic Shimura variety. Except the case of Shimura curves, the density is non-trivial to deduce.

(3). The argument goes through for weight 0 Maass forms as long as the CM points are dense in the an-
alytic sense. Such an analytic density is conjectured, but not yet proven.

(4). On the other hand, quantitative non-vanishing of toric periods holds for weight zero Maass forms based
on Fourier analysis and analytic estimates on the values at CM points (cf. [19, §4.1]). It is conditional on a
quantitative form of the existence of prime ideals with small norm in K. The above approach may be viewed
as a geometric analogue of the approach in [19, §4.1].

5. Epilogue

In this section, we end with miscellaneous remarks.

Comparison of the analytic/ ergodic approach with the one in §4 seems to be suggestive. Here we only
restrict to a few remarks. We invite the reader to add more. Based on the Waldspurger formula, the first step
in either approach is the reduction to the non-vanishing of toric periods of a modular form. The modular form
is a Jacquet-Langlands transfer to a definite quaternion algebra in the former case and a test vector on GL2 in
the latter case. To begin with, the latter case is thus geometric in nature. Roughly, the second step involves
equidistribution/ Zariski density of special/ CM points. In the former case, the non-vanishing proceeds via
estimating the average of the toric periods. Based on explicit Waldspurger and equidistribution of special
points, a lower bound is obtained for the average. We would like to emphasise that the equidistribution is



10 ASHAY A. BURUNGALE

a key input and relies on subconvex bounds. Finally, the lower bound combined with subconvex bound for
central L-values and Brauer-Siegel lower bound yields quantitative non-vanishing. In the latter case, the non-
vanishing proceeds via Fourier analysis on the class groups and its relation to CM points on self-products of
the modular curve. An underlying role is played by Zariski density of well chosen CM points on self-products
of the modular curve. We would like to emphasise that to consider arbitrary self-products seems essential.
The density is proven based on the André-Oort conjecture for the self-product, CM theory and Brauer-Siegel
lower bound.

For the automorphic/ geometric, our motivation partly came from [11], [12] and [18]. In the approach, inex-
plicit form of the Waldspurger formula is enough. It is intrinsically geometric and avoids the use subconvex
bounds. It seems instructive to view the Zariski density in an arbitrary self-product of the modular curve as
a replacement of the subconvex bound. However, the approach does not seem to yield a quantitative version
of the non-vanishing. The result is thus somewhere between what one can get from a pure mean-value result
and a subconvexity result. The approach treats the case of general number fields more easily than classical
techniques in analytic number theory.

Horizontal non-vanishing in the rank 1 has been approach via analytic/ ergodic methods in [18], [19], [22], [23]
and [24]. Recently, we found a geometric approach in the rank 1 case (cf. [5]). It is partly motivated by the
automorphic/ geometric approach in the rank 0 case.

The approach to the non-vanishing based on the André-Oort conjecture is likely to admit several variants.
We hope to investigate them in the near future. Gan-Gross-Prasad conjecture often relates non-vanishing
of a central L-value/ derivative to the non-triviality of an appropriate period of an automorphic form. As
mentioned earlier, the André-Oort conjecture is now known for Abelian type Shimura varieties.
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