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When a motive over a number field is self-dual with root number −1, the Bloch-
Beilinson conjecture implies the existence of a non-trivial null-homologous cycle
in a Chow group. For a prime p, one generically expects the non-triviality of the
p-adic Abel-Jacobi image of these cycles.

An instructive set up arises from a self-dual Rankin-Selberg convolution of an
elliptic Hecke eigenform and a theta series over an imaginary quadratic extensionK
with root number −1. In this situation, a natural candidate for a non-trivial null-
homologous cycle is the generalised Heegner cycle. It lives in a middle dimensional
Chow group of a fiber product of a Kuga-Sato variety arising from a modular
curve curve and a self product of a CM elliptic curve. In the case of weight two,
the cycles coincide with the Heegner points. For a prime l, twists of the theta
series by l-power order anticyclotomic characters of K give rise to an Iwasawa
theoretic family of generalised Heegner cycles. Under mild hypotheses, we prove
the generic non-triviality of the p-adic Abel-Jacobi image of these cycles modulo p.
In particular, this implies the generic non-triviality of the cycles in the top graded
piece of the coniveau filtration along the Zl-anticyclotomic extension of K.

In the report, for brevity we mostly restrict to the case of Heegner points.
Let p > 3 be an odd prime. We fix two embeddings ι∞ : Q→ C and ιp : Q→ Cp.

Let vp be the p-adic valuation induced by ιp so that vp(p) = 1. Let mp be the

maximal ideal of Zp.
Let K/Q be an imaginary quadratic extension and O the ring of integers. We

assume the following:
(ord) p splits in K.

For an integral ideal n of K, we fix a decomposition n = n+n− where n+ (resp.
n−) is only divisible by split (resp. ramified or inert) primes in K/Q. Let Hn be
the ring class field of K of conductor n.

Let N be a positive integer prime to p. Let f be a normalised elliptic Hecke-
eigen cuspform of weight 2, level Γ0(N) and neben-character ε. Let Nε|N be the
conductor of ε. Let Ef be the Hecke field of f . Let ρf : GQ → GL2(Zp) be the
corresponding p-adic Galois representation.

We assume the following Heegner hypothesis:
(Hg) O contains a cyclic ideal N of norm N .
From now, we fix such an ideal N. Let Nε|N be the unique ideal of norm Nε.

Let N denote the norm Hecke character of Q and NK := N ◦ NK
Q the norm

Hecke character of K. For a Hecke character λ of K, let fλ (resp. ελ) denote its
conductor (resp. central character i.e. λ|A×Q , where AQ denotes the adele ring

over Q). We say that λ is central critical for f if it is of infinity type (j1, j2) with
j1 + j2 = 2 and ελ = εfN

2.
Let b be a positive integer prime to pN . Let Σcc(b,N, ε) be the set of Hecke

characters λ such that:
(C1) λ is central critical for f ,
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(C2) fλ = b ·Nε and
(C3) The local root number εq(f, λ

−1) = 1, for all finite primes q.
Let χ be a finite order Hecke character such that χNK ∈ Σcc(b,N, ε). Let Ef,χ

be the finite extension of Ef obtained by adjoining the values of χ.
Let X1(N) be the modular curve of level Γ1(N),∞ a cusp of X1(N) and J1(N)

the corresponding Jacobian. Let Bf be the abelian variety associated to f by
the Eichler-Shimura correspondence and Tf ⊂ Ef an order such that Bf has Tf -
endomorphisms. Let Φf : J1(N) → Bf be the associated surjective morphism.
Let ωf be the differential form on X1(N) corresponding to f . We use the same
notation for the corresponding one form on J1(N). Let ωBf

∈ Ω1(Bf/Ef,χ)Tf

be the unique one form such that Φ∗f (ωBf
) = ωf . Let Ab be an elliptic curve

with endomorphism ring Z + bO, defined over the ring class field Hb. Let t be
a generator of Ab[N]. We thus obtain a point (Ab, Ab[N], t) ∈ X1(N)(HbN). Let
∆b = [Ab, Ab[N], t] − (∞) ∈ J1(N)(HbN) be the corresponding Heegner point on
the modular Jacobian. We regard χ as a character χ : Gal(HbN/K)→ Ef,χ. Let
Gb = Gal(HbN/K). Let Hχ be the abelian extension of K cut out by the character
χ. To the pair (f, χ), we associate the Heegner point Pf (χ) given by

Pf (χ) =
∑
σ∈Gb

χ−1(σ)Φf (∆σ
b ) ∈ Bf (Hχ)⊗Tf

Ef,χ.

The restriction of the p-adic formal group logarithm gives a homomorphism logωBf
:

Bf (Hχ)→ Cp. We extend it to Bf (Hχ)⊗Tf
Ef,χ by Ef,χ-linearity.

We now fix a finite order Hecke character η such that ηNK ∈ Σcc(c,N, ε), for
some c. For v|c−, let ∆η,v be the finite group η(O×Kv

). Here OKv
denotes the

integer ring of the local field Kv. Let l 6= p be an odd prime unramified in K and
prime to cN . Let HcNl∞ =

⋃
n≥0HcNln be the ring class field of conductor cNl∞.

Let Γn = Gal(KcNln/K) and Γl = lim←−Γn. Let Xl be the set of l-power order

characters of Γl. We consider the non-triviality of logωBf
(Pf (ην))/p modulo p, as

ν ∈ Xl varies.

Theorem. Let f ∈ S2(Γ0(N), ε) be a Hecke eignform and η a finite order Hecke
character such that ηNK ∈ Σcc(c,N, ε), for some c. In addition to the hypotheses
(ord) and (Hg), suppose that
(1). The residual representation ρf |GK

mod mp is absolutely irreducible and
(2). (p,

∏
v|c− ∆η,v) = 1.

Then, for all but finitely many ν ∈ Xl we have

vp

( logωBf
(Pf (ην))

p

)
= 0.

In particular, for all but finitely many ν ∈ Xl the Heegner points Pf (ην) are non-
zero in Bf (Hην)⊗Tf

Ef,ην .

Note that “In particular” part of the theorem involves only the prime l in
its formulation. For an analog of the theorem in the case of generalised Heegner
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cycles modulo p, we refer to [3, §3.2]. As indicated above, the non-triviality gives
an evidence for the refined Bloch-Beilinson conjecture (cf. [2, §2]).

Our approach is modular, based on Bertolini-Darmon-Prasanna’s p-adic Wald-
spurger formula (cf. [1, Thm. 5.13]) and Hida’s approach to non-triviality of
anticyclotomic toric periods modulo p (cf. [7]). The later fundamentally relies on
Chai-Oort rigidity principle that a Hecke stable subvariety of a mod p Shimura
variety is a Shimura subvariety (cf. [6]).

“In particular” part of the theorem was conjectured by Mazur and proven in-
dependently by Cornut and Vatsal. We give a new approach and as far as we
know the theorem is a first result regarding the non-triviality of the p-adic formal
group logarithm of Heegner points modulo p. It seems suggestive to compare our
approach with the earlier approach. In Vatsal’s approach, Jochnowitz congru-
ence is a starting point. It reduces the non-triviality of the Heegner points to the
non-triviality of the Gross points on a suitable definite Shimura “variety”. The
later non-triviality fundamentally relies on Ratner’s theorem regarding closures of
unipotent flows on p-adic Lie groups. In our approach, the non-triviality is based
on the modular curve itself. As indicated above, our approach fundamentally re-
lies on Chai’s theory of Hecke stable subvarieties of a mod p Shimura variety. It
is rather surprising that we have these quite different approaches for the same
characteristic zero non-triviality. Before the p-adic Waldspurger formula, the non-
triviality and Hida’s approach appeared to be complementary. The formula also
allows a rather smooth transition to the higher weight case.

In [4], we consider a (p, p)-analogue of the theorem for generalised Heegner cy-
cles arising fron indefinite Shimura curves over the rationals. In [5], we plan to
consider a direct analogue of the theorem for the cycles. Recently, the p-adic Wald-
spurger formula has been generalised by Liu-Zhang-Zhang to the case of indefinite
Shimura curves over a totally real field. In the near future, we hope to consider
an analogous non-triviality of generalised Heegner cycles over a CM field.

We thank Henri Darmon, Haruzo Hida, Ben Howard, Ming-Lun Hsieh, Jan
Nekovář, Kartik Prasanna, Burt Totaro and Eric Urban for helpful comments.
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